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Analytic solution for the nonlinear response of magnetic nanoparticles to large
amplitude oscillatory fields

Patrick Ilg
School of Mathematical, Physical, and Computational Sciences,
University of Reading, Reading, RG6 6AX, United Kingdom
(Dated: March 9, 2025)

Nonlinear responses of physical systems to strong perturbations are notoriously difficult to tackle
analytically. Here, we present analytic results for the nonlinear response of magnetic nanoparticles
to large amplitude oscillatory magnetic fields based on a particular model for the magnetization
dynamics. A number of characteristic features of the in-phase and out-of-phase higher-harmonic
response are found and analyzed. In particular we find that the magnitude of higher harmonic
contributions R, depends on the field amplitude and frequency only via a single scaling variable
that combines the two quantities. The decrease of | Ry, | with increasing order n of harmonics is a key
quantity monitored in biomedical applications such as magnetic particle spectroscopy and magnetic
particle imaging. Except for the first few harmonics, we find that this decrease is exponential with
a rate that depends on the scaling variable only. For not too high frequencies and not loo large
amplitudes, we find that these exact results for one particular model of magnetization dynamics
hold approximately also for other, more frequently used models. Our results therefore offer not only
deeper insight into strongly nonlinear responses of magnetic nanoparticles, especially for higher
harmonics that are very difficult to determine numerically, but also suggest analyzing data in terms
of a scaling variable.



I. INTRODUCTION

Learning about a system from its response to perturbations is a very successful approach in physics that has also
proven to be extremely fruitful for various applications. For weak perturbations, the powerful machinery of linear
response theory shows that a single function encapsulates the system’s response to arbitrary perturbations provided
they are weak enough [1]. The dynamic magnetic susceptibility is an example of such a response function that
determines the magnetization resulting from weak, time-varying magnetic fields. Therefore, the dynamic susceptibility
is an extremely important quantity to characterize magnetic materials and is deservedly studied in great detail
[2, 3]. However, the dynamic susceptibility is applicable only for weak magnetic fields, while many applications probe
responses beyond the linear regime.

Magnetic nanoparticles (MNP) and ferrofluids are particularly well-suited model systems to study nonlinear re-
sponses because their very large magnetic moments lead to superparamagnetic behavior where even moderate field
strengths can exceed the linear regime [2]. The strong response of MNPs and ferrofluids to external magnetic fields
makes these systems interesting as adaptive materials and enables various engineering applications [1]. The response
of MNPs to time-varying magnetic fields is also exploited in a number of emerging biomedical applications [5]. As a
step towards accounting for nonlinear responses in a systematic manner, the very recently proposed Medium Ampli-
tude Field Susceptometry (MAFS) [6] introduces a general third-order susceptibility to extend the linear regime up
to moderate field strengths.

While the medium-amplitude range studied in MAF'S can still be characterized by a general third-order susceptibility
governing systems’ responses to arbitrary time-dependent fields, this is no longer the case for magnetic fields with
large amplitudes where the highly non-linear response depends on details of the strong perturbation. Such stronly
nonlinear responses are notoriously difficult to calculate analytically and challenging to comprehensively cover in
simulations. Consequently, very few general results are available for systems subject to strong perturbations. A
noteworthy exception are fluctuation theorems that apply to rather general nonequilibrium situations [1], and that
have interesting consequences for MNPs such as negative heat production in oscillating magnetic fields [7]. In the
vast majority of cases, however, we rely on numerical studies of particular models and certain choices of strong
perturbations and selected parameter values.

Here, we consider the nonlinear response of MNPs subject to large-amplitude oscillatory magnetic fields. This
response is of particular importance e.g. in Magnetic Particle Spectroscopy (MPS) and Magnetic Particle Imaging
(MPI), where the magnitude of higher-harmonics of the response encodes important information on the local environ-
ment of the MNPs [3—11]. Detailed experiments have shown that interaction effects between MNPs can have profound
effects on the MPS signal [12]. Nevertheless, for a better understanding of the nonlinear response, we here focus on
noninteracting MNPs. To date, only few numerical studies of the nonlinear response of MNPs to large-amplitude
oscillatory magnetic fields are available [13—18]. Most of these studies are based on the model of Brownian rotations
of noninteracting rigid dipoles originally proposed by Martsenyuk et al. (MRS) [19], while Zverev et al. [18] simulate
the Langevin dynamics of interacting rigid dipoles. Even focussing on the noninteracting case, so far (mostly due
to numerical limitations) only the first 5 [14, 15], 7 [17] and 11 [16] harmonics were studied, while experimentally
determined higher harmonics extend up to npax &~ 30...80. Analytical approaches provide a very useful alternative
which are free of such limitations and therefore provide a more complete picture. Unfortunately, the adiabatic ap-
proximation is the only analytical approach to this problem available so far, which is restricted to sufficiently low
excitation frequencies that the system always remains in equilibrium at the instantaneous field value. Adopting this
approximation, the behavior of the in-phase response with increasing field strength has been obtained for all harmonics
[20]. The same approach was used earlier e.g. to test suitability of MNPs for MPI applications [21].

While these studies have certainly helped to improve our understanding of the nonlinear response of noninteracting
rigid dipoles, neglecting out-of-phase or dissipative contributions as well as the restriction to very small oscillation
frequencies are severe limitations of the theory. Here, we propose a different approach and obtain the exact solution
for the nonlinear response including all higher harmonics of the in-phase and out-of-phase contributions valid for
all frequencies and up to intermediate field amplitudes. It is important to note that these results are obtained for
a particular model of the nonlinear magnetization dynamics proposed by Shliomis in 2001 (Sh01) [22]. There is a
long-standing discussion in the literature about the appropriate form of the magnetization equation for ferrofluids
(see e.g. the chapter by M. Liu in Ref. [2] and references in Ref. [22]). For our purposes here, we interpret Sh0l as
a more tractable version of the MRS model and provide comparisons of the analytical results for the Sh01 model to
numerical results obtained for MRS model and its effective field approximation (EFA).



II. MODEL EQUATIONS AND EXACT SOLUTION

Although a plethora of rival magnetization equations have been proposed to describe the dynamics of MNPs and
ferrofluids, no consensus on the appropriate form has been achieved so far, except maybe for the ultra-dilute, rigid-
dipole case (see e.g. [2, 22] and references therein). Comparisons of several of these magnetization equations to
experiments on rotating ferrofluids and on magnetoviscosity have not been fully conclusive, at least in part due to
uncertainties about fluid characterization and appropriate parametrization of the models [23, 24].

A. ShO01 model

A relatively simple magnetization equation that is valid also far from equilibrium and was found to perform well in
comparison to experiments [24] was proposed by Shliomis in 2001 [22]. Within the Sh01 model, the nonequilibrium
magnetization is given by

M(t) = Mear L(&e(1))& (1), (1)

where Mg, denotes the saturation magnetization and L(z) = coth(z) — 1/x the Langevin function. Equation (1) is
formally identical to the equilibrium relation with the magnetic field replaced by the effective field He, €, = mH./kgT

denotes the dimensionless effective field, & = |€,]| its norm and ée = £, /& the corresponding unit vector. The magnetic
moment of an individual MNP and the thermal energy are denoted by m and kgT, respectively. The effective field in
the Sh01 model obeys the phenomenological equation

dH,
dt

1 1
7QXH8:7;(H97H)7%HQX(MXH)7 (2)
with Q the flow vorticity, 7 the relaxation time, n and ¢ the fluid viscosity and volume fraction of magnetic material,

respectively.
Here, we consider oscillatory magnetic fields with given frequency w and amplitude H,

H(t) = H cos(wt)H. (3)

The unit vector H = H/H denotes the direction of the applied field. Under quiescent conditions, £ = 0, the
magnetization response is parallel to the applied field. Therefore, Eq. (2) reduces to a simple relaxation equation for
the effective field that can be solved exactly to give

H.(t) = 1/t e~ O/ TH Y (4)

The solution (4) for oscillating fields (3) can be written as

H

Ho(t) = T (w2

(cos(wt) + wr sin(wt)). (5)
With the solution (5) at hand, the magnetization is given by Eq. (1) with & () = mHe(t)/kpT and &.(t) = H. We
note that this solution holds for arbitrary frequencies w and field amplitudes H. Also note that the solution (4)

corresponds to the situation that the field has been applied indefinitely. If instead the field is switched on at a finite
time in the past, ty < t, initial transients proportional to e~(t=*)/7 will appear in Eq. (5).

B. Fourier series

For field amplitudes H exceeding the linear response regime, the resulting magnetization M (¢) is in general not
linearly related to H. However, M(t) is a periodic function in time with period T,, = 27/w. Therefore, Fourier’s
theorem allows us to always express the resulting magnetization as

M(t) = My + i (An cos(nwt) + By, sin(nwt)), (6)

n=1
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where due to symmetry only odd harmonics n contribute to the sum [13]. Here and in the following, we concentrate
on the magnetization component parallel to the field direction, M (t) = M(t) - H. Note that periodicity of M(t) and
therefore Eq. (6) is valid in practice for times large enough such that initial transients have sufficiently decayed to be
negligible. The coefficients A,,, By, in Eq. (6) can be obtained from the signal M (¢) by integration,

= / M(t) cos(nwt)dt, S / M(t) sin(nuwt)dt. M)

For oscillating fields (3), the time-averaged magnetization M, vanishes and the magnetization response (6) is deter-
mined by the field- and frequency-dependent coefficients A,,, B,, for all odd n.

In MPS and MPI experiments, typically the magnitude |R, | = /A2 + B2 and phase angle tan ¢,, = B, /A, of the
higher harmonics are measured as a function of order n for selected field strengths H and frequencies w [8, 20].

C. Exact solution for higher harmonics

To obtain better insight into the highly nonlinear response, we aim to express the analytical solution (1) with Eq.
(5) for the Sh01 model in the form (6). In this way, explicit expressions for the Fourier coefficients 4,,, B,, can be
obtained.

We start with the series expansion of the Langevin function,

Z 221’7,62 l’ , (8)

where B,, are Bernoulli numbers [25]. Convergence of the sum in Eq. (8) is guaranteed only for |z| < 7. To overcome
this limitation, different representations of the Langevin function have been considered in Ref. [20]. However, due to
the complicated expressions arising in these cases, the analysis was limited to the adiabatic approximation, leading
to B, = 0in Eq. (6) for all n.

Here, we use Eq. (8) and accept the limitation |h| < m, where h = mH/kgT denotes the dimensionless field
amplitude. Inserting Eq. (8) into (1) and substituting &.(¢) from Eq. (4), the magnetization is obtained as a power
series expression in cos(wt) and sin(wt). To make further progress, we use the identity

n—1

(cos(wt) + wt sin(wt))zn_1 = Z Chi cos((2n — 2k — 1wt) + Z Spi sin((2n — 2k — 1)wt), (9)
k=0

where

2n—2k—1
an _ an Z <2n — 2k — 1) (_1)1//2(0”_)11 (10)

v=0;even v
2n—2k—1
2n —2k —1
Sw=Du > | )= I2 (1)
v=1;0dd v
and D, = 272712 (Z"k_l)(l + (w7)?)k. With the help of relation (9) the magnetization is given by
0 22nB h2n 1 n—1
= Mas 3 o (o PP [an cos((2n — 2k — 1)wt) + Spp sin((2n — 2k — 1)wt)] (12)
el k=0

Collecting all terms with the same frequency, the magnetization is finally expressed in the form (6) with My = 0 and
Fourier coefficients

A, = My Ry (h,wr) cos(ntan™! (wr)), (13)
B,, = My Ry, (h,w)sin(ntan™ ! (wT)), (14)

for odd n, where the functions

n+2k
o0 8 (n+2k+3)/ n + 2k h
R, (h, 2k+1) | —— 15
o (h,w) kZ:O 27T nr2ktl < k >C(”+ +1) T+ ()2 (15)
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denote their dimensionless magnitude, |R,,| = /A2 4+ B2 /Mgat. In Eq. (15), the Riemann zeta function {(z) has been

introduced which is related to the Bernoulli numbers by Ba,, = %C (2n) [25].

Equations (13) — (15) constitute one of the main results of this paper. They present the exact expressions for
all higher harmonic responses to oscillating magnetic fields within the ShO1 model for any frequency and any field
amplitude up to |h| < . A number of comments are in order. (i) As expected, only odd harmonics n contribute to
the sum in Eq. (6). (ii) In-phase contributions A,, are even and out-of-phase contributions B,, are odd functions of
frequency. (iii) In the low-frequency limit, w — 0, we find A,, = MR, (h,0) and B,, — 0, as expected from the
adiabatic approximation. (iv) In the opposite limit of very high frequencies, wr > 1, we find A, = R, cos(nw/2),
B, ~ R, sin(nw/2), where R, approaches zero very fast for increasing frequency. (v) Fourier coefficients A4, and
B, of the nth harmonic can be expressed as a power series in the field amplitude starting with ™. (vi) Successive
contributions A,,, A2 as well as By,, B, 42 have alternating signs at low frequencies since R,, ~ (—1)"+t2k+3)/2 (vij)
The coefficients A,, and B,, change sign (n — 1)/2 times as a function of frequency. (viii) The dependence of the
magnitude R, on the field amplitude h and frequency w in Eq. (15) can be described by a single scaling variable
h/y/1+ (wr)2. (ix) Although the infinite sum in Eq. (15) cannot be expressed in closed form, a useful approximate
expression for higher harmonics can be derived by approximating ((n + 2k 4+ 3) &~ 1. For n = 7 the error is less than
1% and decreasing quickly with increasing n. Accepting this approximation we find

n

;24 z

R, (h,wr) & (—1)"*3)
( UJT) ( ) T \/1+22[1+\/1+22]n

forn 27, (16)

with the scaling variable

z = _h (17)

/1 + (wr)2
(x) The loss angle defined by tan ¢,, = B,, /A, is found from Egs. (13) and (14) to be given by
tan ¢, = tan(ntan"*(wr)) = ¢, = k7 +ntan ' (wr), k€N, (18)

Thus, ¢, is determined only up to multiples of 7. With the convention —7 < ¢,, < 7, ¢,, is monotonically increasing
with frequency w and harmonic number n for ntan=!(wr) < 7, then jumping down. It is remarkable that ¢, is
independent of the magnetic field amplitude A in this model.

To make contact with previous results, we consider the exact relations (13) — (15) in the limit of weak field
amplitudes, h < 1. In this case, we find from Eq. (15) Ry = h/[3\/1 + (w7)?] + O(h?) using ((2) = 7%/6 and
therefore the familiar Debye behavior A; = Mg,h/[3(1 + (w7)?)] and By = Mgahwt/[3(1 + (wT)?)] is recovered.
Similarly, but keeping higher order terms in the expansion, the leading third order response is found from Egs. (13)
- (15) as

—[1 - 3(wT)?]n3
*180[1 4 (wr)?]3

—[3(wr) — (wr)*]h?
180[1 + (wT)?]3

Az = M, +O(h°), Bs= M + O(h%). (19)

These expressions agree with Egs. (B.9), (B.10) in Ref. [6], which have been obtained from the general third-order
susceptibility when applied to the Sh01 model.

III. ILLUSTRATIONS AND COMPARISONS
A. Results for Sh01 model

To further unpack aspects of the exact solution, we here illustrate this result in a number of ways. To begin, Fig.
1 shows the first eleven Fourier coefficients A,, and B, from Eq. (13) and (14) as a function of frequency for a fixed
amplitude (h = 2). As mentioned above, only odd n appear in the expansion. Furthermore, A4,, and B, can be
written as power series in the field amplitude starting with hA™. For better visibility, we therefore scale in Fig. 1 the
Fourier coefficients by a factor (27/h)" to at least partially account for the strong decrease in their magnitude with
increasing order of harmonics n.

From Fig. 1, we find that both, A4,, and B,, decay rapidly for high frequencies with the high-frequency limit setting
in already for wr 2 10 for higher harmonics (n > 3). We also observe that A,, approaches its low-frequency limit
already for wr < 1072, On the other hand, the approach of B, to zero in the low-frequency limit is slower and



extends to significantly smaller frequencies. This finding indicates that corrections to the adiabatic approximation
can become noticeable already at rather low frequencies. We also see the alternating signs of A, and B, at low
frequencies (remark (vi)). The number of zero crossings follows remark (vii), even though this becomes difficult to
observe for large n on the scale shown in Fig. 1.

2

A, (21 /R)"

-1 w s s s s s s s s s
10° 102 10t 10° 108 10®° 10° 10° 102 10* 10° 10' 10* 10°

FIG. 1. Fourier coeflicients A,, (left) and By, (right) of the in-phase and out-of-phase contributions in Eq. (6) versus dimensionless
frequency wr for the Sh01 model for the first six odd harmonics n = 1,...,11. The dimensionless magnetic field was chosen as
h = 2. For better visibility, A, and B, are each scaled with (27 /h)"/Msas and semi-logarithmic axes are used.

Figure 2 shows the magnitude |R,,| of the nth order harmonic response, Eq. (15), as a function of the dimensionless
amplitude h of the applied field as well as the reduced frequency wr. We observe that for given field amplitude h and
frequency w, |R,,| decreases strongly with increasing n. Note the semi-logarithmic scale. For fixed n and frequency w,
on the other hand, |R,| increases with increasing h since larger amplitudes promote stronger anharmonic responses.
The increase of |R,,| with h is particularly strong for large n, reflecting the increasing importance of higher harmonics
at large field amplitudes. Finally, for fixed n and field amplitude h, |R,| decreases with increasing frequency. Such
a behavior for R; is known from the Debye model where RY ~ [1 4 (w7)?]~'/2. The situation is more complicated
for the Sh01 model, but at least the limiting cases can be discussed straightforwardly. For very low frequencies, B,
is found to vanish (see Fig. 1(b)) so that R, is dominated by A,,. For large frequencies, as discussed above, A,, and
B,, vanish rapidly, leading to a rapid decrease of R,,.

B. Comparisons

Having illustrated the exact results (13) — (15) for the ShO1 model, a natural question to ask is how specific or
general this result is with regards to other models for the magnetization dynamics. Interpreted as a phenomenological
model, the magnetization equation (1) with (2) can be applied to different systems with 7 an effective relaxation
time. If, on the other hand, the Sh0l model is interpreted as a simplified description for ultra-dilute (non-interacting)
thermally blocked (rigid dipoles) MNPs, 7 can be identified with the Brownian rotational diffusion time 7 of an
individual MNP in a given solvent. In this case, the model predictions can be compared quantitatively to the kinetic
model of Martsenyuk et. al. (MRS) [19], which is generally considered to be a more accurate description for such
systems. This model has been discussed extensively in the literature (see e.g. [2, 26-28] and references therein) and
in particular also its nonlinear response to oscillating fields [13—17]. In the same paper [19], Martsenyuk et. al. also
introduced an effective field approximation (EFA) to arrive at a closed-form magnetization equation from the kinetic
model.

Figure 3 shows a comparison of the dimensionless magnitude |R,,| of the nth harmonic response for the Sh01, MRS,
and EFA model. The MRS and EFA model are briefly discussed in Appendix C. Accurate numerical calculations
of the amplitudes of higher order responses can be challenging. Therefore we also provide in Appendix C details of
their numerical solution and algorithms. Panels (a) and (b) in Fig. 3 can be seen as cross sections of Fig. 2 for fixed
frequency and amplitude, respectively. On a logarithmic scale, all three models agree well for n = 1. More pronounced
differences are seen as n increases. Interestingly, the Sh01 model overestimates whereas EFA underestimates | R,
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FIG. 2. The dimensionless magnitude |R,| of the first odd Fourier coefficients, n = 1,...,11, plotted on a logarithmic scale
versus the dimensionless amplitude h of the applied magnetic field and frequency wr.

with respect to the MRS model. Thereby, the EFA provides a better approximation to MRS than the ShO1 model.
Overall, however, the qualitative behavior seen in Fig. 3 is very similar for all three models.

10%f ‘/k_,__H——o—H——C—Q 10
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FIG. 3. Left: The dimensionless magnitude |R,| for Sh01 model (lines), MRS model (filled symbols), and EFA (open symbols)
versus the dimensionless amplitude h of the applied field. The frequency was chosen as wrg = 1. Right: Same as left panel but
plotted as a function of reduced frequency w7s for fixed amplitude h = 2. In both panels, n increases from top to bottom as
indicated in the legend.

A very interesting finding for the Sh01 model in Sec. II C is that R,, depends on the field amplitude A and frequency
w only via their combination, R, (h,wt) = F,(h//1 4 (w7)?), with the scaling function F,, given by Eq. (15). In
Fig. 4 we show the scaling function F, for the Sh01 model for n = 1,3,5,7 as lines. Also shown in Fig. 4 are the
corresponding data for |R,,| for the MRS and EFA model obtained for equidistant field strengths h = 0.2,...,5 and
frequencies wrg = 0.05,0.1,0.2,0.3. While a rather good data collapse for the MRS and EFA model onto the Sh01



predictions are seen for n = 1 and n = 3, the quality of data collapse becomes poorer for larger n and also for larger
frequencies (not shown in Fig. 4).

1 2 3
B[+ (W)

FIG. 4. The dimensionless magnitude |R,| for Sh01 model (lines), MRS model (filled symbols), and EFA (open symbols) versus
the dimensionless scaling variable h/+/1 4 (w7)?2. Different amplitudes h and frequencies w have been chosen (see text). For a
better comparison, slightly different field strengths have been chosen for MRS and EFA model. From top to bottom n increases
asn =1,3,5,7, shown as triangles, squares, circles and diamonds, respectively.

Figure 5(a) shows the magnitude |R,| of the nth harmonic response versus n for a fixed field amplitude h = 2.
With increasing frequency of the applied field we find that |R,| decreases faster with n, indicating a weakening of
anharmonic contributions. Overall we see a rapid decrease of |R,| with n which makes their numerical evaluation
difficult for large n. From the Sh0l model, we found an exponential decay |R,| ~ e~ ()" for the Sh01 model for
large n, with amplitude and frequency-dependent decay constant a(z) = —In(z/[1 + V1 + 22]), see Eq. (16). For
large frequencies such as wrg = 10, data shown in Fig. 5(a) can be described reasonably well by a single-exponential
decay. For smaller frequencies, however, a different decay at smaller n is seen. We find that a double-exponential fit
can give satisfactory descriptions of the data in most cases. However, uncertainties in the resulting fit parameters is
often found to be very large. Therefore, we choose a more robust method by discarding small n values so that we can
fit data to

|R,| & ce™ " for n > npin, (20)

where i, denotes the onset of the exponential decay for large n. The values of « obtained from fits of Eq. (20) to
the MRS and EFA data are shown in Fig. 5(b) as filled and open symbols, respectively. Guided by the results for the
Sh01 model, we choose Ny, = 7 for wrg = 0.1 and 1, and ny;, = 1 for wrg = 10.

IV. DISCUSSION AND CONCLUSIONS

While the magnetization response to weak oscillating fields has been intensively studied in the literature, much less
is known for the case when large amplitude oscillatory fields are applied. The latter play an important role in several
biomedical applications, but little guidance from theory is available so far.

Here, we provide the analytic solution of the fully nonlinear magnetization response to oscillatory fields valid for
a particular model of the magnetization dynamics (the ShO1 model) and for not too large amplitudes. The exact
solution shows that the nonlinear response obeys a number of remarkable properties, including symmetries and sign
changes of the in-phase and out-of-phase contributions as well as a scaling behavior of the magnitude of the response in
terms of a combination of field amplitude and frequency. The scaling variable is also found to govern the exponential
decrease of the magnitude of the response with increasing order of harmonics.

A comparison of these analytical results to numerical solutions of rival models for the magnetization dynamics of
non-interacting, thermally blocked MNPs (MRS and EFA model) gives an indication how specific or general the exact
result obtained for the Sh01 model are. We find that the MRS and EFA models show the same qualitative features
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FIG. 5. Left: The dimensionless magnitude |R,| of nth harmonic response for Sh01 (diamonds), the MRS model (squares)
and EFA (circles) at fixed amplitude h = 2 for different frequencies as indicated in the legend. Exponential fit to MRS data
for n > nmin (see text) are shown as dashed lines. Right: Filled and open circles represent the fit coefficients a in Eq. (20)
obtained for the MRS and EFA model, respectively. Dashed lines indicate the analytical result for the Sh01 model.

of the nonlinear response as found in the ShO1 model. This is a strong indication that the symmetries and number
of zero-crossings of the in-phase and out-of-phase contributions to the nonlinear response indeed hold more generally.
Differences between the models are seen in the quantitative values of the response, with relative deviations becoming
more pronounced for higher harmonics and for larger amplitudes and frequencies. Similar comparisons between Sh01,
MRS and EFA model have already been discussed for the third order susceptibility, where rather good quantitative
agreement was found except near wrg ~ 1 [6]. Here, we also find that the scaling relation found for the magnitude
of the nonlinear response in the Sh01 model holds approximately also for the first seven harmonics in MRS and EFA
model for not too large frequencies. Therefore, in this regime, the nonlinear response can be described in terms of a
single scaling variable that combines the field amplitude and frequency. Finally, with the exception of the first few
harmonics, all three models show an exponential decay of the magnitude of the nonlinear response |R,,| with harmonic
number n. The rate of this exponential decay is well described for all three models by the analytical result for the
Sh01 model for low enough frequencies, whereas quantitative differences appear for larger frequencies.

Strong perturbations — like large-amplitude oscillatory magnetic fields considered here — probe details of nonlinear-
ities inherent in model systems. The resulting nonlinear response is therefore typically non-universal and may depend
on details of the models. Identifying common properties in the nonlinear response of different models is not only
highly interesting from a theoretical point of view, but also very useful in practice where it is not always straight-
forward to decide on the appropriate model formulation. Future work will need to include the influence of internal
Néel relaxation [27-29] and extend studies towards biological environments where clusters of MNPs are frequently
encountered [12, 30]. It will be interesting to see how the present results compare when these additional effects are
included.
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Appendix A: Convergence of analytic result

The analytical result (13), (14) for the ShOl model is given in terms of an infinite sum (15) involving binomial
coeflicients and the Rieman zeta function. We found this formulation not particularly well suited for numerical
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evaluations. Instead, the equivalent equation
o0

n+2k
Z 4Bokyn+1 h (A1)
2k +n+1)(E)(k+n)! \ \/1+y2

was found to be preferable when evaluated in Matlab™ with in-built Bernoulli numbers B;.

In practice we choose a tolerance level £ and truncate the sum (A1) when the absolute magnitude of term k is
smaller than . Typically we choose ¢ = 107!2. Convergence is found to be faster the smaller n and h is and
the larger w. Figure 6(a) and (b) illustrate the convergence of As and Bs, respectively, from Eqgs. (13) and (14)
with Eq. (Al) for two representative choices of parameters. As a further check, the results of the summation are
also compared to accurate numerical evaluations (with absolute tolerance 10712) of the integrals (7) with the exact
solution M (t) = M (£.(t)) where & (t) is obtained from Eq. (5).
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FIG. 6. Convergence of AS"! from Eq. (Al) for h = 3, wr = 0.5 (left) and B$"™' for h = 2, wr = 0.1 (right) when the
infinite sum is truncated at kmax. Horizontal line shows the result of a high-precision numerical evaluation of the corresponding
integrals (see text).

Appendix B: Numerical Fourier Transformation

Fast Fourier Transform (FFT) is a highly versatile and very frequently used method to efficiently determine the
frequency content of time series. However, standard FFT routines come with some limitations. Especially issues
of FFT with distortion of lower-amplitude peaks are particularly problematic for situations considered here and
corresponding applications such as MPS. Therefore, much more precise versions of numerical Fourier transforms have
been developed recently [31].

Here, we benefit greatly from the fact that the frequencies nw are known exactly. Therefore, the remaining task
is to evaluate the Fourier integrals (7) to a high precision. To achieve this, we use an implementation of Simpson’s
rule of integration in Matlab™ with global adaptive quadrature with 10* steps per period T,, and an error tolerance
of e = 10712,

Various tests of the algorithm and our implementation were performed. First, input data for the Fourier integrals
were generated for several choices of field amplitude and frequencies by numerically evaluating Egs. (1) and (5).
Numerical issues in evaluating the Langevin function L(&.(t)) for [€.(t)| < 1 were solved by switching to a fifth order
expansion L(z) ~ /3 —2%/45+ 225 /945 + O(z7) for |z| < 1072. Our numerical results for the integrals (7) show very
good agreement with the analytical results (13) — (15) down to values of |A,|,|B,| ~ 107!°, whereas with standard
FFT routines we found noticeable deviations already around 10~

Appendix C: Numerical Solution of Time Evolution Equations

In view of analyzing other models of the magnetization dynamics for which exact solutions are not available, we also
consider obtaining numerical data for M (t) by solving Eq. (2) numerically. In the present case, the ordinary differential
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equation (ODE) simplifies to 792 = — L/ (&,())[&(t) — h(t)], where m(t) = M(t)/My and L'(&6(t)) = L2 . o
denotes the derivative of the Langevin function evaluated at &.(t). To achieve a comparable accuracy of at least 10710
in the resulting Fourier integrals, we use a high-order Runge-Kutta method (ode89 in Matlab™) with tolerance 10~5.
To be sure to eliminate also tiny signs of initial transients, we solve the ODE for 50 oscillation periods and only use
the last period as input data for Eq. (7). With this method, data in Fig. 5 are indistinguishable from the exact results
on this scale.

The magnetization equation within EFA proposed in Ref. [19] can be written as TB% = —[1 = h(t)/&(t)]M(t),
where again M () = Mgat L(€(t)) is given in terms of the dimensionless effective field & (¢). Closed-form solutions to
this model are not known in general. We obtain numerical solutions for the EFA model using the same algorithms
for solving the ODE and subsequent Fourier analysis as described above. To avoid the use of the inverse Lan§evm
function, it is more convenient to numerically solve the corresponding ODE for the effective field which reads 755 =

—1- ( )/E(D)]L(&(t))/ L' (&6(t)), and subsequently calculate the magnetization.

For the kinetic MRS model we follow Ref. [13, 28] and use an expansion of the probability density function in
Legendre polynomials Py(z), f(e;t) =Y., ce(t)Pole- H), from which a coupled systems of ODEs for the expansion
coefficients ¢y can be obtained [28],

2T dcz Co—1 Co+1
_ _ _ 1
wrna - [2@1 20+3 " (C1)

with constant cg = 1/(47) ensuring correct normalization of the probability density for all times (note a typo in the
corresponding equation (15) in Ref. [15]). For numerical solutions, the infinite system needs to be truncated at a
certain £ a5, corresponding to the number of Legendre polynomials needed in order to achieve a prescribed accuracy.
While £inax = 30 was used for h = 20 [14], we found £y, = 11 to be sufficient for field amplitudes h < 7 investigated
here, but mostly used ¢,,x = 20 which gives indistinguishable results on the scales used in the figures. The resulting
system of coupled ODEs is then integrated numerically with the same method as used for the other models. Also the
very same method for the Fourier analysis is used as previously.

Data for the MRS model shown here are obtained with an alternative and in principle more accurate method. We
note that on the scale shown in the figures above, results are indistinguishable from the method described above.
Instead of numerically solving the system of ODEs (C1) and subsequent Fourier transformation once initial transients
have decayed, we can use the ansatz

Z ag,y, cos(nwt) + by, sin(nwt)) (C2)

to arrive at a linear system of equations for the coefficients ay , by »,

2nwTR h(a—1n-1+a—1n41 Q11+ Qi1 sl
b n n = 3 ” ’ - ’ - y C3
et 2( 201 2013 (C3)

2nwTp ho(be—in—1+be—1nt1  beyin—1+ bet1nt1
— ntbon=— . : — : : , C4
e nen i 2( 20— 1 20+ 3 (C4)

for £ > 2, while for £ = 1 the corresponding equations read
h
nwtgby n + a1, = cohdp,1 — 10 (a2,n—1+ a2.n+1), (C5)
h

—NWTBA1,n + bl,n = A (b2,n71 + b2,n+1) . (CG)

10

To solve the infinite system of equations (C3) — (C6) for given amplitude h and frequency w of the applied field, we
truncate the expansion in Legendre polynomials at some maximum degree ¢y,,x as discussed above. In addition, also
the expansion in terms of higher harmonics (C2) needs to be truncated at some maximum order ny,x. The truncated
system can be solved to find the 26,,axnmax coefficients {as ,, be,n}. Here, we are only interested in the magnetization
response (6), for which the corresponding coefficients are obtained by A,, = (47/3)as,, and B, = (47/3)b1 .

We implemented truncated Egs. (C3) — (C6) in Matlab and used its efficient algorithm to solve the resulting linear
system for ag,,bsn. As observed above for the numerical solution to the corresponding ODE, we find results to
converge quickly with ¢, and choose l,x = 20. Increasing £,,.x gives indistinguishable results for field amplitudes
considered here. On the contrary, we find results to converge very slowly with increasing ny,x. As an example, Fig.
7(a) and (b) shows the result for A5 and Bs, respectively, obtained by solving Eqgs. (C3) — (C6) with £iax = 20, h = 3,
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FIG. 7. Convergence of AY®S from solution to Eqgs. (C3) — (C6) for h = 3, wrg = 0.5 (left) and BY'®S for h = 2, wr = 0.1
(right) when the infinite system is truncated at fmax = 20 and varying nmax. Solid black lines indicate linear fits to 1/fmax as
described in the text. Red horizontal lines show the corresponding results of extrapolation to nmax — 0o with dashed lines the
confidence interval. The insets show the same data but plotted versus n,..

wtp = 0.5 for different choices of ny .. We see from Fig. 7 that results have not properly converged for ny.x = 100,
even looking at the third and fifth harmonic only. One explanation could be that the right hand side of Egs. (C3), (C4)
is proportional to 1/¢, promoting fast convergence with respect to the maximum degree £, of Legendre polynomials.
However, no corresponding decrease with order n of harmonics is present. Since increasing n,,x much further becomes
computationally inefficient, we use instead the fit functions X, (nmax) = X2°(1 — K, /Nmax) with constant K, for
X € {A, B} and nyax > 50, to approximate the approach to the limit values A%° and B2°. Horizontal red lines show
Ag® and Bg$° obtained in this way together with the corresponding confidence intervals obtained from uncertainties
in the fitted values.
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