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Abstract
We study vector-valued functions that minimise the L∞-norm of their derivatives for pre-
scribed boundary data. We construct a vector-valued, mass minimising 1-current (i.e., a
generalised geodesic) in the domain such that all solutions of the problem coincide on its
support. Furthermore, this current can be interpreted as a streamline of the solutions. The con-
struction relies on a p-harmonic approximation. In the case of scalar-valued functions, it is
closely related to a construction of Evans andYu (Commun Partial Differ Equ 30:1401–1428,
2005). We therefore obtain an extension of their theory.

Mathematics Subject Classification 49K10 · 49Q15

1 Introduction

For n ∈ N, let� ⊆ R
n be a bounded domain with smooth boundary. Given N ∈ N, we study

functions u : � → R
N that minimise the functional

E∞(u) = ess sup
�

|Du|

for prescribed boundary data, where | · | denotes the Frobenius norm of an (N × n)-matrix.
Variational problems of this sort go back to the pioneering work of Aronsson [2–5].

The scalar case N = 1 is now quite well understood. For the above functional E∞, it
gives rise to the Aronsson equation, which has a well-developed theory in the framework
of viscosity solutions. It has unique solutions for given boundary data, which correspond
not just to minimisers of the functional, but to so-called absolute minimisers [21]. These are
characterised by the condition that they minimise ess sup

�′
|Du| in suitable subsets �′ ⊆ �
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26 Page 2 of 30 N. Katzourakis,R. Moser

for their own boundary data. There is a regularity theory for solutions of the equation as well
[14, 16, 17, 30, 35].

Much less is known for the vector-valued case N ≥ 2, despite some work by the first
author [22–27]. (This problem should not be confused with the problem of vector-valued
optimal Lipschitz extensions [36], which amounts to replacing the Frobenius norm with the
operator norm. For n = 1 or N = 1, the two problems are equivalent, but in general, they
are not.) The vector-valued counterpart to the Aronsson equation is easy to write down,
but much more difficult to make sense of. Above all, there is no meaningful interpretation
of viscosity solutions. It is not known if absolute minimisers exist in general or if they are
unique.We therefore take a somewhat different point of view in this paper. Rather than trying
to determine a distinguished solution of the problem, we ask what all minimisers of E∞ for
given boundary data have in common.

The natural space for the functional E∞ is the Sobolev spaceW 1,∞(�;RN ).We prescribe
boundary data given in terms of a fixed Lipschitz continuous function u0 : Rn → R

N , and
then we are interested in the subset u0 + W 1,∞

0 (�;RN ). We define

e∞ = inf
u0+W 1,∞

0 (�;RN )

E∞.

We are thus interested in the following problem.

Problem Study all maps u∞ ∈ u0 + W 1,∞(�;RN ) such that E∞(u∞) = e∞.

Since u0 is Lipschitz continuous, it has a tangential derivative at almost every boundary
point with respect to the (n − 1)-dimensional Hausdorff measure. We write D′u0 for the
tangential derivative of u0, and we define

e′∞ = ess sup
∂�

|D′u0|

(where the essential supremum is taken with respect to the (n − 1)-dimensional Hausdorff
measure on ∂�). The casewhere e′∞ < e∞ is particularly interesting for the reasons explained
below.

One of the key ingredients in our analysis is a measure derived as a limit from p-harmonic
approximations. This tool essentially goes back to an idea of Evans [15] and has been studied
by Evans and Yu [18] for the case N = 1, albeit in a different form. We show here that there
is an interesting geometric structure behind this limit measure. Moreover, it is useful for the
vector-valued problem, too, even though this requires an approach rather different from the
one taken by Evans and Yu.

Roughly speaking, we will find some generalised length-minimising ‘curves’ in the
domain, along which all solutions of the problem must coincide. In order to formulate a
precise statement, however, we need some tools from geometric measure theory, above all
the notion of currents.

Since we will work only with 1-currents (and their boundaries, given by 0-currents),
readers not familiar with geometric measure theory may think of vector-valued distributions
instead, or indeed of vector-valued measures in most cases. This will, however, obscure some
of the geometric content of our results.
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Definition 1 (Current, mass, boundary) For j = 0, . . . , n, let D j (Rn) denote the space of
smooth, compactly supported j-forms in Rn , endowed with the topology induced by locally
uniform convergence of all derivatives. A j-current in R

n is an element of its dual space
D j (R

n) = (D j (Rn))∗. Given a j-current T ∈ D j (R
n), its mass is1

M(T ) = sup

{
T (ω) : ω ∈ D j (Rn) with sup

Rn
|ω| ≤ 1

}
.

If j ≥ 1, its boundary is the ( j − 1)-current ∂T such that ∂T (σ ) = T (dσ) for every
σ ∈ D j−1(Rn).

We are interested above all in 1-currents supported on � and their boundaries (which
are 0-currents and can be regarded as distributions). These can be interpreted as generalised
oriented curves in �. Indeed, given an oriented C1-curve � ⊂ � of finite length, we can
define a corresponding 1-current T by integration of 1-forms over �, i.e.,

T (ω) =
ˆ

�

ω. (1)

In this situation, the mass M(T ) will be the length of �. More generally, if μ is a Radon
measure on � and τ is a vector field that is integrable with respect to μ, then we can define
a 1-current T = [μ, τ ] by the formula

T (ω) =
ˆ

�

ω(τ) dμ. (2)

In this case,

M(T ) =
ˆ

�

|τ | dμ

and

∂T (σ ) =
ˆ

�

dσ(τ) dμ

for a 0-form σ on Rn . For example, suppose that we have the above oriented curve �. Write
H1 for the one-dimensional Hausdorff measure and define μ = H1 �. Furthermore, let τ
denote the unit tangent vector field along� consistent with the orientation. Then the formulas
(1) and (2) give rise to the same current.

We will also need to study N -tuples T = (T1, . . . , TN ) of 1-currents, which may also be
regarded as vector-valued currents. The boundary ∂T is then taken component-wise. We use
the following extension of the mass.

Definition 2 (Joint mass, normal) Let T = (T1, . . . , TN ) ∈ (Dj (R
n))N be an N -tuple of

j-currents in Rn . Then the joint mass of T is

M(T ) = sup

{
N∑

k=1

Tk(ωk) : ω1, . . . , ωN ∈ D j (Rn) with sup
Rn

N∑
k=1

|ωk |2 ≤ 1

}
.

For j ≥ 1, we say that T is normal if M(T ) < ∞ andM(∂T ) < ∞.

1 It is more common to define the mass in terms of the co-mass norm on the space of j-covectors, but this
definition appears, e.g., in a book by Simon [37]. In the context of this paper, the distinction is inconsequential,
because we will work only with 1-currents and their boundaries.
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26 Page 4 of 30 N. Katzourakis,R. Moser

Given T = (T1, . . . , TN ) ∈ (D1(R
n))N with M(T ) < ∞, we can always find a Radon

measure ‖T ‖ onRn and ‖T ‖-measurable vector fields �T1, . . . , �TN such that
∑n

k=1 | �Tk |2 = 1
almost everywhere and Tk = [‖T ‖, �Tk] for k = 1, . . . , N . Furthermore, this representation
is unique (up to identification of vector fields that agree ‖T ‖-almost everywhere). We then
write �T = ( �T1, . . . , �TN ).

Similarly, if M(∂T ) < ∞, then ∂T is represented by an R
N -valued Radon measure. For

any continuous function u : Rn → R
N with compact support, we may then write

∂T (u) =
N∑

k=1

∂Tk(uk).

If supp ∂T ⊆ �, then this also makes sense for any u ∈ W 1,∞(�;RN ), including the
minimisers of E∞.

For a minimiser u∞ ∈ u0 +W 1,∞
0 (�;RN ) of E∞, and for T as above, we want to be able

to make statements about the ‘behaviour of Du∞ along ‖T ‖’. Since the support of ‖T ‖ can
be a null set with respect to the Lebesgue measure on�, and since Du∞ is only well-defined
up to null sets, this requires some explanation.

Definition 3 (Local L2-representative) Let μ be a (non-negative) Radon measure on � and
let f ∈ L1

loc(�). We say that g ∈ L2
loc(μ) is the local L2-representative of f with respect to

μ, and we write

g = � f �μ,

if for any compact set K � � and for any η ∈ C∞
0 (Rn) with

´
Rn η(x) dx = 1, the functions

ηε(x) = ε−nη(x/ε) satisfy

lim
ε↘0

ˆ
K

|g − ηε ∗ f |2 dμ = 0.

The concept is defined similarly for vector-valued functions.

We require some more notation. For x ∈ R
n and r > 0, let Br (x) denote the open ball

in R
n with centre x and radius r . Given a measurable function f : � → [0,∞), we define

f 
 : � → [0,∞] by
f 
(x) = lim

r↘0
ess sup
Br (x)∩�

f

for x ∈ �.
We can now formulate our first main result.

Theorem 4 There exists an N-tuple of 1-currents T = (T1, . . . , TN ) of finite joint mass with
the following properties.

(i) supp T ⊆ � and supp ∂T ⊆ ∂�.
(ii) For any minimiser u = (u1, . . . , uN ) ∈ u0 + W 1,∞

0 (�;RN ) of E∞,

(a) |Du|
(x) = e∞ for ‖T ‖-almost every x ∈ �;
(b) �Du�‖T ‖ = e∞ �T .

(iii) Any two minimisers of E∞ in u0 + W 1,∞
0 (�;RN ) coincide on supp T .

(iv) If e′∞ < e∞, then the following holds true.

(a) T is normal.
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(b) ‖T ‖(∂�) = 0 and ‖T ‖(�) > 0.
(c) ∂T (u0) = e∞M(T ).
(d) Let S be a normal N-tuple of 1-currents such that supp S ⊆ � and supp ∂S ⊆ ∂�.

If ∂S = ∂T , thenM(S) ≥ M(T ).

The theorem may appear technical, but there is a geometric interpretation. Statement (i)
says that we have N generalised curves T1, . . . , TN in � with no boundary in the interior
of �. Along these generalised curves, according to (ii), any solution u of our variational
problem will have a derivative of norm e∞ (in a certain sense), with Duk tangent to Tk . We
therefore have a generalisation of what is called a streamline in the theory of ∞-harmonic
functions [4]. (For the vector-valued case, similar observations have been made by the first
author for sufficiently smooth solutions [22].) Moreover, we have uniqueness of minimisers
on the support of T by (iii).

If e′∞ < e∞, thenwe canmake additional statements on the structure of T according to (iv).
It follows in particular that T is non-trivial in the interior of� by (b). Furthermore, statement
(d) says that T minimises the joint mass (generalised length) among all competitors with the
same boundary in this case. This means that we can think of generalised length-minimising
geodesics rather than just generalised curves.

If e′∞ = e∞, then the theorem may appear vacuous, because it does not rule out that T
is supported completely on the boundary or even that T = 0. The proof, however, reveals
some more information, which is omitted here for the sake of brevity. In our construction,
the 1-current T will arise from a limit of p-harmonic functions u p : � → R

N , or more pre-
cisely, from renormalisations of the currents [|Dup|p−2Ln, Dup], where Ln is the Lebesgue
measure on Rn . It is possible that supp T ⊆ ∂�, and then the theorem is indeed vacuous, but
it can be interesting even if e′∞ = e∞. In any case, ‖T ‖ coincides with the measure studied
by Evans and Yu [18] for N = 1. They proved a condition that amounts to (i) and some
additional properties related to (ii) and (iii). The analysis of this paper can therefore also be
regarded as an extension of their results. Statement (iv) is completely new even if N = 1.

In the case e′∞ = e∞, we still have a local variant of (iv).(d). Since its formulation is even
more technical, however, we postpone it until Sect. 6 (see Theorem 19).We can further derive
some information about the structure of T , which we will do in Sect. 7 (see Theorem 21). We
employ standard results from geometric measure theory here, even though we consider non-
standard objects. This result can be thought of as a consequence of the the mass minimising
property in statement (iv).(d), but our construction allows a shortcut.

There is a simple observation that exemplifies some of the behaviour described in Theorem
4. Suppose that there are two boundary points x, y ∈ ∂� such that the line segment L between
x and y is contained in �. Suppose further that |u0(x) − u0(y)| ≥ e∞|x − y|. Then, if u is
a minimiser of E∞ in u0 + W 1,∞

0 (�;RN ), we can see quite easily that the restriction of u
to L is affine with a derivative of norm e∞. In general, such a pair of points need not exist,
but the N -tuple of currents T from Theorem 4 has properties similar to the line segment L .

In the case N = 1, it was in fact proved by Aronsson [4, Theorem 2] that the set where all
minimisers coincide is characterised by line segments as above. (Other related results also
exist [9, 10].) This is not true for N > 1. Consider, e.g., the case n = N . If u0(x) = x for
all x ∈ �, then u0 is p-harmonic for all p < ∞, and our analysis shows that it is also the
unique minimiser of E∞ in u0 + W 1,∞

0 (�;Rn). But for any x, y ∈ ∂�, we clearly have the
identity |u0(x) − u0(y)| = |x − y|, while e∞ = √

n in this case.
We have interpreted T from Theorem 4 as a generalised curve, but in general it need not

actually be 1-dimensional. For example, suppose that u0 is an affine function. Then, as in
the preceding example, we conclude that every p-harmonic function for these boundary data
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26 Page 6 of 30 N. Katzourakis,R. Moser

coincides with u0, and an examination of our construction reveals that ‖T ‖ is a normalised
version of the Lebesgue measure in � and �T is constant. We can then interpret T as the
collective representation of many line segments in �.

If e′∞ = e∞, then general statements on the behaviour of minimisers of E∞ in the interior
of � cannot be expected. In this case, the minimum value of E∞ is in fact dictated by the
local behaviour near a single boundary point.

Proposition 5 If e∞ = e′∞, then there exists x ∈ ∂� such that |Du|
(x) ≥ e∞ for any
u ∈ u0 + W 1,∞

0 (�;RN ).

In this situation, we may have a minimiser u ∈ u0 + W 1,∞
0 (�;RN ) such that

‖Du‖L∞(K ) < e∞ for any compact set K ⊂ �. Then for any φ ∈ W 1,∞
0 (�;RN ) with

compact support, there exists δ > 0 such that u∞ + tφ is also a minimiser of E∞ for all
t ∈ (−δ, δ). Thus the class of minimisers is simply too large to expect any general state-
ments. (For example, let n = 2 and N = 1. Let r = √

2/(
√
2 + 1) and consider the domain

� = Br (r , r) ⊆ R
2. Suppose that u0(x1, x2) = x4/31 − x4/32 . This happens to be a minimiser

of E∞ for its boundary values [6]. We find that e∞ = e′∞ = 4
√
2/3, which is the value of

|Du0| at (1, 1) but nowhere else in �.) If e′∞ < e∞, on the other hand, Theorem 4 rules out
such behaviour.

Variational problems in L∞ have long been studied predominantly with methods involv-
ing comparison arguments and viscosity solutions of the corresponding partial differential
equations. Even so, measure theoretic arguments have also made an appearance in the liter-
ature in various contexts [11, 12, 18, 28]. This also includes a paper with a more geometric
point of view byDaskalopoulos and Uhlenbeck [13], which is motivated by work of Thurston
[38]. Their paper studies ‘∞-harmonic maps’ from a hyperbolic manifold to the circle and
shows (among other things) that the locus of maximum stretch is a geodesic lamination and
is contained in the support of a certain (n − 1)-current. (It should be noted here that (n − 1)-
currents can be identified with 1-currents via the Hodge star operator.) There is thus some
overlap with the above theory, but the paper of Daskalopoulos and Uhlenbeck is restricted
to one-dimensional targets and its scope is different. Further related results can be found in
a work by Backus [7].

Notation The following notation will be convenient. Given r > 0, we define �r =
{x ∈ � : dist(x, ∂�) < r}. Given two matrices A, B ∈ R

N×n, we write A : B for their
Frobenius inner product.

2 Currents and what they say about E∞

In this section, we give some more information on the relationship between N -tuples of
1-currents and the functions minimising E∞ in u0 + W 1,∞

0 (�;RN ).
We first formulate a global version of Definition 3. We cannot simply use the convolution

with a mollifying kernel any more, because this would cause problems at the boundary.
Instead, we use the following.

Definition 6 (Regular mollifier) A family of linear operators Mε : L∞(�) → C∞(�), for
ε > 0, is called a regular mollifier if

(i) there exists θ : (0,∞) → [0,∞) such that limε↘0 θ(ε) = 0 and

|(Mε f )(x)| ≤ ‖ f ‖L∞(�∩Bε (x)) + θ(ε)
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for all x ∈ �;
(ii) if f ∈ C0(�), then Mε f → f uniformly as ε ↘ 0; and
(iii) if f ∈ W 1,∞(�), then ∣∣∣∣Mε

∂ f

∂x j
− ∂x j

∂M ε
f

∣∣∣∣ → 0

in C0(�) as ε ↘ 0 for j = 1, . . . , n.

Regularmollifiers can be constructed bymodifying the usual convolutionwith amollifying
kernel. For example, a suitable approach is used in a recent paper by the authors [29, Proof
of Lemma 7]. Some tools for a different construction are discussed in a paper by the first
author [28, Section 5].

Definition 7 (L2-representative) Let μ be a (non-negative) Radon measure on � and let
f ∈ L∞(�). We say that g ∈ L2(μ) is the L2-representative of f with respect to μ, and we
write

g = � f �μ,

if for every regular mollifier Mε ,

lim
ε↘0

ˆ
�

|g − Mε f |2 dμ = 0.

The concept is defined similarly for vector-valued functions.

We have the following connection between currents and the functional E∞.

Proposition 8 Suppose that T = (T1, . . . , TN ) is a normal N-tuple of 1-currents in Rn with
supp T ⊆ �. Let u ∈ W 1,∞(�;RN ). Then ∂T (u) ≤ E∞(u)M(T ), with equality if, and only
if, �Du�‖T ‖ = E∞(u) �T .
Proof If E∞(u) = 0, then the statement is trivial. We therefore assume that E∞(u) > 0.

Consider a regular mollifier (Mε)ε>0 and set uε = Mεu. We define e = E∞(u). Then
we computeˆ

�

|e �T − Duε |2 d‖T ‖ =
ˆ

�

(e2 + |Duε |2) d‖T ‖ − 2e
ˆ

�

�T : Duε d‖T ‖

=
ˆ

�

(e2 + |Duε |2) d‖T ‖ − 2e∂T (uε).

(3)

By conditions (i) and (iii) in Definition 6, we know that

lim sup
ε↘0

‖Duε‖C0(�) ≤ ‖Du‖L∞(�) ≤ e.

It follows that

lim sup
ε↘0

ˆ
�

(e2 + |Duε |2) d‖T ‖ ≤ 2e2M(T ).

On the other hand, we have the uniform convergence uε → u. As T is normal, it follows that
∂T (u) = limε↘0 ∂T (uε). Taking the limsup in (3), we find that

∂T (u) + 1

2e
lim sup

ε↘0

ˆ
�

|e �T − Duε |2 d‖T ‖ ≤ eM(T ).
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26 Page 8 of 30 N. Katzourakis,R. Moser

Hence ∂T (u) ≤ eM(T ). If we have equality, then it further follows that �Du�‖T ‖ = e �T .
Conversely, suppose that �Du�‖T ‖ = e �T . Then MεDu → e �T in L2(‖T ‖). By property

(iii) in Definition 6, this means that Duε → e �T in L2(‖T ‖) as well. Hence

∂T (u) = lim
ε↘0

∂T (uε) = lim
ε↘0

ˆ
�

Duε : �T d‖T ‖ = e
ˆ

�

| �T |2 d‖T ‖ = eM(T ),

as claimed. ��
Remark These arguments also show that ifMεDu → E∞(u) �T in L2(‖T ‖) for some specific
regular mollifier Mε , then �Du�‖T ‖ = E∞(u) �T .
Corollary 9 Suppose that T = (T1, . . . , TN ) is a normal N-tuple of 1-currents in R

n with
supp T ⊆ � and supp ∂T ⊆ ∂�. Then ∂T (u0) ≤ e∞M(T ). If equality holds and e∞ > 0,
then M(S) ≥ M(T ) for any normal N-tuple of 1-currents S such that supp S ⊆ � and
∂S = ∂T .

Proof In order to prove the first statement, it suffices to choose a minimiser u∞ ∈ u0 +
W 1,∞

0 (�;RN ) of E∞ and apply Proposition 8 to u∞. If we have equality and if e∞ > 0, we
apply the first statement to S. We conclude thatM(T ) = e−1∞ ∂T (u0) = e−1∞ ∂S(u0) ≤ M(S).

��
The following are local versions of the above statements.

Corollary 10 Suppose that T = (T1, . . . , TN ) is an N-tuple of 1-currents in R
n with locally

finite mass and with supp ∂T ∩ � = ∅. Let u ∈ W 1,∞(�;RN ). Then

−T (udχ) ≤ E∞(u)

ˆ
�

χ d‖T ‖

for any χ ∈ C∞
0 (�) with χ ≥ 0. Equality holds for every such function χ if, and only if,

�Du�‖T ‖ = E∞(u) �T .
Proof Fix χ ∈ C∞

0 (�) with χ ≥ 0. Consider S ∈ (D1(R
n))N defined by Sk(ω) = Tk(χω)

for ω ∈ (D1(Rn)) and for k = 1, . . . , N . Then S is normal with ∂S(u) = −T (udχ) and

M(S) =
ˆ

�

χ d‖T ‖.

The first statement therefore follows immediately from Proposition 8.
Let η ∈ C∞

0 (Rn) with
´
Rn η dx = 1. Let ηε(x) = ε−nη(x/ε). Then we can construct a

regular mollifierMε such thatMε f = ηε ∗ f in suppχ for all f ∈ L∞(�). Therefore, the
second statement follows from Proposition 8 and the remark after its proof. ��
Corollary 11 Let T = (T1, . . . , TN ) be an N-tuple of 1-currents in R

n with locally finite
mass and with supp ∂T ∩ � = ∅. Let u ∈ u0 + W 1,∞

0 (�;RN ). Suppose that

−T (udχ) ≥ e∞
ˆ

�

χ d‖T ‖

for every χ ∈ C∞
0 (�) with χ ≥ 0. Then the following holds true.

(i) For any open set �′ ⊆ � with supp T ∩ �′ �= ∅,
ess sup

�′
|Du| ≥ e∞.
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(ii) Suppose that e∞ > 0. Let K ⊂ � be a compact set. Let S ∈ (D1(R
n))N with locally

finite mass and with supp ∂S ∩ � = ∅. If S(ω) = T (ω) for every ω ∈ (D1(Rn))N with
ω = 0 in K , then

‖T ‖(K ) ≤ ‖S‖(K ).

Proof Wemay assume that e∞ > 0, because (i) is trivial otherwise and (ii) excludes e∞ = 0.
Given an open set �′ ⊆ � with supp T ∩ �′ �= ∅, choose χ ∈ C∞

0 (�′) with χ ≥ 0 and´
�′ χ d‖T ‖ > 0. Choose an open set�′′ ⊆ �′ with smooth boundary such that suppχ ⊂ �′′.
Applying Corollary 10 in �′′, we find that

−T (udχ) ≤ ess sup
�′′

|Du|
ˆ

�′′
χ d‖T ‖.

But by the assumptions, we also have

−T (udχ) ≥ e∞
ˆ

�′′
χ d‖T ‖.

Hence ess sup
�′

|Du∞| ≥ e∞.

If S and K are as in the second statement, then we choose χ ∈ C∞
0 (�) such that χ ≡ 1

in K and 0 ≤ χ ≤ 1 everywhere. Then
ˆ

�

χ d‖T ‖ ≤ − 1

e∞
T (udχ) = − 1

e∞
S(udχ) ≤

ˆ
�

χ d‖S‖

by Corollary 10. Since ‖T ‖(K ) and ‖S‖(K ) are the limits of such integrals when χ

approaches the characteristic function of K , the claim follows. ��
If T has a mass minimising property as in Corollary 9 or Corollary 11, then we may think

of it as a generalised length-minimising geodesic. There is an Euler-Lagrange equation for
this variational problem, which amounts to the condition that

N∑
k=1

ˆ
�

�Tk · D �Tkψ d‖T ‖ = 0 (4)

for all ψ ∈ C∞
0 (�;Rn), where D �Tk denotes the directional derivative in the direction of

�Tk . This equation can be derived with the same arguments as for the more conventional
(scalar-valued) mass minimising currents. (These tools are even more common in the theory
of varifolds [1], but this is just another side of the same coin for this purpose.)We do not need
to go into the details here, because we will obtain the equation in a different way. Instead,
we formulate a consequence.

Proposition 12 Suppose that T is an N-tuple of 1-currents such that (4) holds true for all
ψ ∈ C∞

0 (�;Rn). Let w ∈ W 1,∞
0 (�;RN ). If �Dw�‖T ‖ = 0, then w = 0 on supp T .

Proof Let r > 0. Let χ ∈ C∞
0 (�) with χ ≡ 1 in � \ �r and such that |Dχ | ≤ 2r . Let

η ∈ C∞
0 (Rn) with

´
Rn η dx = 1 and set ηε(x) = ε−nη(x/ε) for ε > 0. Define wε = ηε ∗w,

assuming that w is extended (arbitrarily) to R
n .

Set

ψε(x) = |wε(x)|2χ(x)x
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for x ∈ �. Then we may test (4) with ψε . This gives

0 = 2
N∑

k=1

ˆ
�

x · �Tk (wε ⊗ �Tk) : Dwεχ d‖T ‖

+
N∑

k=1

ˆ
�

x · �Tk |wε |2D �Tkχ d‖T ‖ +
ˆ

�

|wε |2χ d‖T ‖.

Since �Dw�‖T ‖ = 0, we have the convergenceˆ
supp Dχ

|Dwε |2 d‖T ‖ → 0

as ε ↘ 0. Clearly wε → w locally uniformly. Hence

0 =
N∑

k=1

ˆ
�

x · �Tk |w|2D �Tkχ d‖T ‖ +
ˆ

�

|w|2χ d‖T ‖.

If we let r ↘ 0, then the first term vanishes in the limit, because

|w|2 ≤ NE∞(w)r2

in �r . Hence

0 =
ˆ

�

|w|2 d‖T ‖.

It follows that w = 0 almost everywhere with respect to ‖T ‖. By the continuity of w, we
conclude that w = 0 on supp T . ��

3 Measure-function pairs and Lp-approximation

Here we introduce another tool from geometric measure theory, due to Hutchinson [20], that
is convenient for our purpose. We only discuss the L2-version of Hutchinson’s theory here,
because this is all we need.

In the second part of this section, we will apply it to minimisers of the functionals

Ep(u) =
( 

�

|Du|p dx
)1/p

. (5)

The limit p → ∞will eventually produce not just a minimiser of E∞, but also the 1-currents
from Theorem 4.

Definition 13 (Measure-function pair) Ameasure-function pair over�with values inRN×n

is a pair (μ, F), where μ is a Radon measure on � and F ∈ L2(μ;RN×n).

Hutchinson further defines weak and strong convergence of measure-function pairs. His
formulation of weak convergence is somewhat weaker than the following, but the strong
convergence is the same.

Definition 14 (Weak and strong convergence) For � ∈ N, let M� = (μ�, F�) be measure-
function pairs over � with values in RN×n . Let M∞ = (μ∞, F∞) be another such measure-
function pair.
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(i) We have the weak convergence M�⇀M∞ as � → ∞ if

lim
�→∞

ˆ
�

(η + F� : φ) dμ� =
ˆ

�

(η + F∞ : φ) dμ∞

for any η ∈ C0(�) and any φ ∈ C0(�;RN×n), and at the same time,

lim sup
�→∞

ˆ
�

(1 + |F�|2) dμ� < ∞.

(ii) We have the strong convergence M� → M∞ as � → ∞ if

lim
a→∞

ˆ
{
x∈� : |F�(x)|≥a

} |F�|2 dμ� = 0

uniformly in � and

lim
�→∞

ˆ
�

�(x, F�(x)) dμ�(x) =
ˆ

�

�(x, F∞(x)) dμ∞

for all � ∈ C0
0 (� × R

N×n).

Some of the key statements in this theory are summarised in the following proposition,
which amounts to a variant of [20, Theorem 4.4.2]. It generalises well-known results for
weak and strong L2-convergence for a fixed measure μ.

Proposition 15 For � ∈ N, suppose that M� = (μ�, F�) are measure-function pairs over
� with values in R

N×n. Let M∞ = (μ∞, F∞) be another such measure function-pair. Let
� : �×R

N×n → R be a continuous function and suppose that there exists a constant C > 0
such that |�(x, z)| ≤ C(|z|2 + 1) for all x ∈ � and z ∈ R

N×n.

(i) If

lim sup
�→∞

ˆ
�

(|F�|2 + 1) dμ� < ∞,

then there exists a subsequence (M�m )m∈N that converges weakly.
(ii) If (M�)�∈N converges weakly to M∞, then

‖F∞‖L2(μ∞) ≤ lim inf
�→∞ ‖F�‖L2(μ�)

.

(iii) If (M�)�∈N converges weakly to M∞ and

‖F∞‖L2(μ∞) = lim
�→∞ ‖F�‖L2(μ�)

,

then the convergence is strong.
(iv) If (M�)�∈N converges strongly to M∞, then

ˆ
�

�(x, F∞(x)) dμ∞(x) = lim
�→∞

ˆ
�

�(x, F�(x)) dμ�(x).

Proof The first three statements are from [20, Theorem 4.4.2]. The final statement is a little
stronger thanwhat is stated inHutchinson’s paper, but can be provedwith the same arguments.
(It is also quite easy to prove directly from the definition of strong convergence.) ��
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We will apply these concepts to measures and functions generated by L p-approximations
of minimisers of E∞. For 2 ≤ p < ∞, we therefore consider the functionals Ep defined in

(5). Since they are strictly convex, there exists a unique minimiser u p ∈ u0 + W 1,p
0 (�;Rn)

of Ep for each p < ∞, which satisfies the Euler-Lagrange equation

div(|Dup|p−2Dup) = 0 (6)

weakly in �. Furthermore, for any ψ ∈ C∞
0 (�;Rn), the condition

0 = d

dt

∣∣∣∣
t=0

Ep(u p ◦ (id� +tψ))

gives rise to

0 =
ˆ

�

|Dup|p−2

⎛
⎝ n∑

i, j=1

∂u p

∂xi
· ∂u p

∂x j

∂ψi

∂x j
− 1

p
|Dup|2 divψ

⎞
⎠ dx . (7)

Fix v ∈ u0 + W 1,∞
0 (�;RN ). If 2 ≤ q < p < ∞, then we observe that

Eq(uq) ≤ Eq(u p) ≤ Ep(u p) ≤ Ep(v) ≤ E∞(v) (8)

by Hölder’s inequality and the definition of u p . Hence the family (u p)p∈[2,∞) is bounded
in W 1,q(�;RN ) for every q < ∞. Therefore, there exists a sequence p� → ∞ such that
u p�

→ u∞ weakly in all of these spaces for some limit u∞ ∈ u0 + ⋂
q<∞ W 1,q

0 (�;RN ).
We then estimate

E∞(u∞) = lim
q→∞ Eq(u∞) ≤ lim

q→∞ lim inf
�→∞ Eq(u p�

) ≤ lim inf
�→∞ Ep�

(u p�
) ≤ E∞(v), (9)

where we have used (8) in the last two steps. Hence u∞ ∈ u0 + W 1,∞
0 (�;RN ), and u is

a minimiser of the functional E∞. In particular, it satisfies E∞(u∞) = e∞. We also define
ep = Ep(u p). Then as in (8), we see that

eq ≤ ep ≤ e∞
whenever q ≤ p ≤ ∞. Moreover, the estimates in (9) imply that ep → e∞ monotonically.

We now define

μp = |Dup|p−2

ep−2
p Ln(�)

Ln,

where Ln denotes the Lebesgue measure on �. These measures have also been studied by
Evans and Yu [18] in the case N = 1. They should be considered not on their own, but
in conjunction with the function Dup . Thus Mp = (μp, Dup) naturally forms a measure-
function pair over �.

We can make a few statements about Mp immediately. The Euler-Lagrange equation (6)
now becomes ˆ

�

Dup : Dφ dμp = 0 (10)

for every φ ∈ C∞
0 (�;RN ). We also have

ˆ
�

⎛
⎝ n∑

i, j=1

∂u p

∂xi
· ∂u p

∂x j

∂ψi

∂x j
− 1

p
|Dup|2 divψ

⎞
⎠ dμp = 0 (11)
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for every ψ ∈ C∞
0 (�;Rn) because of (7). Moreover, we observe that

ˆ
�

|Dup|2 dμp = e2−p
p

 
�

|Dup|p dx = e2p ≤ e2∞

and

μp(�) = e2−p
p

 
�

|Dup|p−2 dx ≤ e2−p
p (Ep(u p))

p−2 = 1

by Hölder’s inequality. By Proposition 15, we may therefore replace (p�)�∈N with a sub-
sequence such that Mp�

⇀M∞ for some measure-function pair M∞ = (μ∞, F∞) over �.
Then

ˆ
�

F∞ : Dφ dμ∞ = lim
�→∞

ˆ
�

Dup�
: Dφ dμp�

= 0 (12)

for every φ ∈ C∞
0 (�;RN ) by (10). We will see that (11) also gives a useful equation in the

limit, but we need to establish strong convergence first.

4 Interesting boundary data

In this section, we examine the case e′∞ < e∞ in more detail. Recall that

e∞ = inf
u0+W 1,∞

0 (�;RN )

E∞ = E∞(u∞)

and

e′∞ = ess sup
∂�

|D′u0|.

If e′∞ < e∞, thenwe have better control of the p-harmonic functions u p near the boundary
∂�. Therefore, we can prove additional properties of the limiting measure-function pair
M∞ = (μ∞, F∞). The following estimates rely on identity (11). We use measure-function
pairs over ∂� with values in R

N here, which are defined similarly to Definition 13.

Proposition 16 Suppose that e′∞ < e∞. Then there exist measure-function pairs (mp, f p)
over ∂� with values in RN such that

lim sup
p→∞

ˆ
∂�

(
1 + | f p|2

)
dmp < ∞ (13)

and ˆ
�

Dup : Dφ dμp =
ˆ

∂�

f p · φ dmp (14)

for all φ ∈ C∞(Rn;RN ).

Comparing the last identity with the usual integration by parts formula for p-harmonic
functions, wemay think ofmp as the restriction of |Dup|p−2 to the boundary (up to rescaling)
and of f p as a representation of ν · Dup , where ν denotes the outer normal vector on ∂�. In
general, however, we do not know if we have enough regularity of u p up to the boundary to
write down the formulas in these terms.
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Proof We first replace u p by the solutions of a different boundary value problem, for which
we have the better regularity theory. We fix p ∈ [2,∞) at first. For ε > 0, define the function
Hp,ε : R → R by Hp,ε(t) = (t2 + ε2)p/2 for t ∈ R. Consider the functional

Ep,ε(u) =
( 

�

Hp,ε(|Du|) dx
)1/p

.

Choose c ∈ (e′∞, e∞). Let u0,ε : Rn → R
N be smooth functions such that

• u0,ε → u0 in W 1,p(�;RN ) as ε ↘ 0 and
• |D′u0,ε |2 + ε2 ≤ c2 on ∂� when ε is sufficiently small.

Let u p,ε ∈ u0,ε +W 1,p
0 (�;RN ) be the unique minimiser of Ep,ε in this space. Then we have

the Euler-Lagrange equation

div
((|Dup,ε |2 + ε2

)p/2−1
Dup,ε

)
= 0 (15)

in �. There are theories for both interior and boundary regularity for this sort of problem. In
particular, results of Uhlenbeck [39] show that u p,ε is smooth in the interior of �. Results of
Kristensen andMingione [31, Theorem1.1] show that Dup,ε belongs toW 1/p+s,p(�;RN×n)

and its trace on ∂� belongs toWs,p(∂�;RN×n) for some s > 0. This is enough to carry out
the following computations.

Equation (15) implies that

∂

∂x j
Hp,ε(|Dup,ε |) = p div

((|Dup,ε |2 + ε2
)p/2−1 ∂u p,ε

∂x j
· Dup,ε

)

in � for j = 1, . . . , n. We choose a smooth vector field ψ : Rn → R
n such that ψ = ν on

∂�. Then

div

(
Hp,ε(|Dup,ε |)ψ − p

(|Dup,ε |2 + ε2
) p
2 −1

Dψu p,ε · Dup,ε

)

= Hp,ε(|Dup,ε |) divψ − p
(|Dup,ε |2 + ε2

) p
2 −1

n∑
i, j=1

∂u p,ε

∂xi
· ∂u p,ε

∂x j

∂ψi

∂x j
.

We write Hn−1 for the (n − 1)-dimensional Hausdorff measure. Thenˆ
∂�

(|Dup,ε |2 + ε2
) p
2 −1 (|Dup,ε |2 + ε2 − p|Dνu p,ε |2

)
dHn−1

=
ˆ

�

Hp,ε(|Dup,ε |) div φ dx

− p
n∑

i, j=1

ˆ
�

(|Dup,ε |2 + ε2
) p
2 −1 ∂u p,ε

∂xi
· ∂u p,ε

∂x j

∂ψi

∂x j
dx .

Hence there exists a constant C , depending only on n and �, such that∣∣∣∣
ˆ

∂�

(|Dup,ε |2 + ε2
) p
2 −1 (|Dup,ε |2 + ε2 − p|Dνu p,ε |2

)
dHn−1

∣∣∣∣
≤ Cp

ˆ
�

Hp,ε(|Dup,ε |) dx .
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Write

f p,ε = Dνu p,ε and gp,ε = |D′u p,ε | =
√

|Dup,ε |2 − | f p,ε |2

on ∂�. Then we may write the above inequality in the form

∣∣∣∣
ˆ

∂�

(|Dup,ε |2 + ε2
) p
2 −1

(
g2p,ε + ε2 − (p − 1)| f p,ε |2

)
dHn−1

∣∣∣∣
≤ Cp

ˆ
�

Hp,ε(|Dup,ε |) dx .

Hence ˆ
∂�

(|Dup,ε |2 + ε2
) p
2 −1 | f p,ε |2 dHn−1

≤ 1

p − 1

ˆ
∂�

(|Dup,ε |2 + ε2
) p
2 −1

(g2p,ε + ε2) dHn−1

+ Cp

p − 1

ˆ
�

Hp,ε(|Dup,ε |) dx,
(16)

andˆ
∂�

Hp,ε(|Dup,ε |) dHn−1 =
ˆ

∂�

(|Dup,ε |2 + ε2
) p
2 −1

(| f p,ε |2 + g2p,ε + ε2) dHn−1

≤ p

p − 1

ˆ
∂�

(|Dup,ε |2 + ε2
) p
2 −1

(g2p,ε + ε2) dHn−1

+ Cp

p − 1

ˆ
�

Hp,ε(|Dup,ε |) dx

≤ p − 2

p − 1

ˆ
∂�

Hp,ε(|Dup,ε |) dHn−1

+ 2

p − 1

ˆ
∂�

(
g2p,ε + ε2

)p/2
dHn−1

+ Cp

p − 1

ˆ
�

Hp,ε(|Dup,ε |) dx .

Here we have used Young’s inequality in the last step. It follows that

ˆ
∂�

Hp,ε(|Dup,ε |) dHn−1 ≤ 2
ˆ

∂�

(
g2p,ε + ε2

)p/2
dHn−1 + Cp

ˆ
�

Hp,ε(|Dup,ε |) dx .
(17)

Feeding this back into (16), we obtain
ˆ

∂�

(|Dup,ε |2 + ε2
) p
2 −1 | f p,ε |2 dHn−1 ≤ 2

p − 1

ˆ
∂�

(
g2p,ε + ε2

)p/2
dHn−1

+ 2Cp

p − 1

ˆ
�

Hp,ε(|Dup,ε |) dx .
(18)

Define

�1
p,ε =

{
x ∈ ∂� : | f p,ε(x)|2 ≤ e2p − c2

}
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and �2
p,ε = ∂�\�1

p,ε . By the choice of the boundary data, we have g2p,ε + ε2 ≤ c2 when ε

is small, and thus |Dup,ε |2 + ε2 ≤ e2p on �1
p,ε . Henceˆ

�1
p,ε

Hp,ε(|Dup,ε |) dHn−1 ≤ eppHn−1(∂�).

On �2
p,ε , we note that

| f p,ε |2 ≥ e2p − c2

c2
(g2p,ε + ε2)

for sufficiently small values of ε. Therefore,

|Dup,ε |2 + ε2 = | f p,ε |2 + g2p,ε + ε2 ≤ e2p
e2p − c2

| f p,ε |2

on �2
p,ε . Hence

ˆ
�2
p,ε

Hp,ε(|Dup,ε |) dHn−1 ≤ e2p
e2p − c2

ˆ
∂�

(|Dup,ε |2 + ε2
) p
2 −1 | f p,ε |2 dHn−1.

Using (18), we see that

ˆ
�2
p,ε

Hp,ε(|Dup,ε |) dHn−1

≤ 2e2p

(p − 1)
(
e2p − c2

)
(ˆ

∂�

(
g2p,ε + ε2

)p/2
dHn−1 + Cp

ˆ
�

Hp,ε(|Dup,ε |) dx
)

≤ 2e2p

(p − 1)
(
e2p − c2

)
(
cpHn−1(∂�) + Cp

ˆ
�

Hp,ε(|Dup,ε |) dx
)

.

Since we know that ep → e∞ as p → ∞, it follows that there exists a constantC ′, depending
on n, �, e∞, and c, such thatˆ

∂�

Hp,ε(|Dup,ε |) dHn−1 ≤ C ′
(
epp +

ˆ
�

Hp,ε(|Dup,ε |) dx
)

, (19)

provided that p is sufficiently large.
We now consider the limit ε ↘ 0 (still for p < ∞ fixed). Since Ep,ε(u p,ε) ≤ Ep,ε(u0,ε),

it is clear that the family of functions u p,ε is bounded in W 1,p(�;RN ). We may therefore
choose a sequence εk ↘ 0 such that u p,εk⇀ũ p weakly in this space. It is obvious that

ũ p ∈ u0 + W 1,p
0 (�;RN ).

Let v ∈ u0 + W 1,p
0 (�;RN ). Define vε = v + u0,ε − u0, in order to obtain a function in

u0,ε + W 1,p
0 (�;RN ). Then

Ep(ũ p) ≤ lim inf
k→∞ Ep,εk (u p,εk ) ≤ lim inf

k→∞ Ep,εk (vεk ) = Ep(v).

Hence ũ p minimises Ep in u0+W 1,p
0 (�;RN ). The strict convexity of the functional implies

that ũ p = u p . Inserting v = u p and using similar estimates, we also see that
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lim sup
k→∞

Ep,εk (u p,εk ) ≤ Ep(u p).

Hence the convergence u p,εk → u p is strong in W 1,p(�;RN ).
Consider the measures

mp,ε =
(|Dup,ε |2 + ε2

) p
2 −1

ep−2
p Ln(�)

Hn−1 ∂�.

Using inequality (17), and recalling that g2p,ε + ε2 ≤ c when ε is small, we see that

lim sup
ε↘0

ˆ
∂�

(
1 + | f p,ε |2

)
dmp,ε < ∞

for any fixed p < ∞. Hence, by Proposition 15, we may assume that the measure-function
pairs (mp,εk , f p,εk ) over ∂� converge weakly to a measure-function pair (mp, f p). Using
(15) and passing to the limit, we obtain identity (14). Inequality (13) follows from (19) and
Proposition 15. ��

We also briefly consider the case e′∞ = e∞. We conclude this section by proving Proposi-
tion 5, thus showing that in this situation, the minimum value of E∞ is dictated locally near
a single boundary point.

Proof of Proposition 5 Suppose that e′∞ = e∞. Fix u ∈ u0 + W 1,∞
0 (�;RN ). We extend u

outside of � such that it is Lipschitz continuous globally in R
n . Let L denote the Lipschitz

constant of this extension.
Define

α(x) = lim
r↘0

ess sup
∂�∩Br (x)

|D′u0|

for x ∈ ∂�. This gives rise to an upper semicontinuous function with

e∞ = sup
x∈∂�

α(x).

Hence there exists x ∈ ∂� such that e∞ = α(x). We fix this point now.
Let ε ∈ (0, 1

2 ]. Then there exists r > 0 such that

ess sup
∂�∩Br (x)

|D′u0| > e∞ − ε.

Since the restriction of u0 to ∂� is Lipschitz continuous, it is differentiable almost everywhere
with respect to Hn−1. Hence we can find a point y ∈ ∂� ∩ Br (x) such that D′u0(y) exists
with

|D′u0(y)| ≥ e∞ − ε.

We may assume without loss of generality that y = 0 and u0(0) = 0, and that the tangent
space of ∂� at y is R

n−1 × {0}. We write A = D′u0(y) = (akj )1≤k≤N ,1≤ j≤n−1. Then
|A| ≤ √

NL .
If s > 0 is sufficiently small, then

∂� ∩ [−s, s]n ⊆ [−s, s]n−1 × [−εs, εs] and [−s, s]n−1 × [εs, s] ⊆ �,
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while at the same time,

|u0(z′) − Az′| ≤ εs

for all z′ ∈ [−s, s]n ∩ ∂�. Set �ε = [−s, s]n−1 × [εs, 2εs]. For any z ∈ �ε , there exists
z′ ∈ [−s, s]n ∩ ∂� such that |z − z′| ≤ 3εs. Hence

|u(z) − Az| ≤ |u(z) − u(z′)| + |u0(z′) − Az′| + |A(z′ − z)| ≤ (
3(

√
N + 1)L + 1

)
εs

for all z ∈ �ε .
Integrating ∂uk

∂x j
along lines parallel to the x j -axis, we see that there exists a constant C ,

depending only on n, N , and L , such that for 1 ≤ k ≤ N and for 1 ≤ j ≤ n − 1, the
inequality ∣∣∣∣

 
�ε

∂uk
∂x j

dx − akj

∣∣∣∣ ≤ Cε

holds true. Thus there exists a subset of �ε of positive measure where |Du| ≥ |A| −C ′ε for
another constant C ′ depending only on n, N , and L . (Otherwise we would conclude that∣∣∣∣

 
�ε

Du dx − A

∣∣∣∣ ≥ |A| −
 

�ε

|Du| dx ≥ C ′ε,

using the reverse triangle inequality.) It follows that

ess sup
Br (x)

|Du| ≥ |A| − C ′ε ≥ e∞ − (C ′ + 1)ε.

As ε was chosen arbitrarily, this implies the claim. ��

5 Key estimates

Throughout this section and the rest of the paper, the function u∞ and the measure-function
pairM∞ = (μ∞, F∞) are as constructed inSect. 3 and arefixed.Recall thatu∞ is aminimiser
of E∞. If e′∞ < e∞, then we consider the measure-function pairs (mp, f p) from Proposition
16 as well. We may assume that (mpk , f pk ) converges weakly to a limiting measure-function
pair (m∞, f∞) over ∂�, which will then satisfyˆ

�

F∞ : Dφ dμ∞ =
ˆ

∂�

φ · f∞ dm∞ (20)

for all φ ∈ C∞
0 (Rn;RN ). If e′∞ = e∞, then we choose an arbitrary measure-function pair

(m∞, f∞). Even then, we can still use equation (12) for φ ∈ C∞
0 (�;RN ), and we conclude

that (20) still holds true for these test functions.
We now analyse M∞ in more detail. This will also reveal some information about other

possible minimisers of E∞. Some of the key arguments in this section are similar to estimates
due to Evans and Yu [18].

We prove the following statements.

Theorem 17 Suppose that v ∈ u0 + W 1,∞
0 (�;RN ) is a minimiser of E∞.

(i) Then �Dv�μ∞ = F∞, and |Dv|
(x) = |F∞(x)| = e∞ for μ∞-almost every x ∈ �.
(ii) If e′∞ < e∞, then �Dv�μ∞ = F∞, and |Dv|
(x) = |F∞(x)| = e∞ for μ∞-almost every

x ∈ �.
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(iii) The convergence Mp�
→ M∞ is strong in every compact subset of �.

(iv) If e′∞ < e∞, then the convergence Mp�
→ M∞ is strong in �.

Before we prove these results, we note that statement (iii) has the following consequence.
If we write F∞ = (F1∞, . . . , FN∞), then (11) gives rise to the identity

N∑
k=1

ˆ
�

Fk∞ · DFk∞ψ dμ∞ = 0 (21)

for all ψ ∈ C∞
0 (�;Rn), owing to Proposition 15. This equation complements (12), and we

will use it in Sect. 7 to say something about the structure of (M∞, F∞), although we will
formulate this in terms of a corresponding N -tuple of 1-currents.

In the framework of currents, equation (21) corresponds to (4). It is a weak formulation
of the equation for geodesics and is one of key properties of the measure-function pair M∞.

For the proof of the theorem, we require the following lemma.

Lemma 18 For any ξ ∈ C0(�) with ξ ≥ 0, and for any α ∈ (0, 1),

α2e2p

ˆ
�

ξ dμp ≤
ˆ

�

ξ |Dup|2 dμp + α pe2p‖ξ‖C0(�).

Proof Given α ∈ (0, 1), define Ap = {
x ∈ � : |Dup| ≤ αep

}
. We first note that

μp(Ap) = e2−p
p

Ln(�)

ˆ
Ap

|Dup|p−2 dx ≤ α p−2Ln(Ap)

Ln(�)
≤ α p−2.

Hence

ˆ
�

ξ |Dup|2 dμp ≥
ˆ

�\Ap

ξ |Dup|2 dμp

≥ α2e2p

ˆ
�\Ap

ξ dμp

= α2e2p

(ˆ
�

ξ dμp −
ˆ
Ap

ξ dμp

)

≥ α2e2p

(ˆ
�

ξ dμp − ‖ξ‖C0(�)μp(Ap)

)

≥ α2e2p

ˆ
�

ξ dμp − α pe2p‖ξ‖C0(�).

This implies the desired inequality. ��

Proof of Theorem 17 We first prove the local statements (i) and (iii), allowing for the possi-
bility that e′∞ = e∞. Let η ∈ C∞

0 (B1(0)) with
´
Rn η dx = 1. Set ηε(x) = ε−nη(x/ε) and

define vε = v ∗ ηε (where for convenience v is extended arbitrarily outside of �, so that vε
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is well-defined in �). Choose ξ ∈ C∞
0 (�) with 0 ≤ ξ ≤ 1. Also choose α ∈ (0, 1). Then

ˆ
�

ξ |Dvε − Dup|2 dμp

=
ˆ

�

ξ
(|Dvε |2 − |Dup|2

)
dμp + 2

ˆ
�

ξ(Dup − Dvε) : Dup dμp

=
ˆ

�

ξ
(|Dvε |2 − |Dup|2

)
dμp − 2

ˆ
�

(u p − vε) ⊗ Dξ : Dup dμp

≤
ˆ

�

ξ |Dvε |2 dμp − α2e2p

ˆ
�

ξ dμp + α pe2p − 2
ˆ

�

(u p − vε) ⊗ Dξ : Dup dμp.

Here we have used Lemma 18 in the last step. Hence

lim sup
k→∞

ˆ
�

ξ |Dvε − Dupk |2 dμpk ≤
ˆ

�

ξ |Dvε |2 dμ∞ − α2e2∞
ˆ

�

ξ dμ∞

−2
ˆ

�

(u∞ − vε) ⊗ Dξ : F∞ dμ∞.

Let r > 0. Choose ξ such that ξ ≡ 1 in�\�r and ξ ≡ 0 in�r/2, and such that |Dξ | ≤ 4/r
in all of �. Note that

‖u∞ − v‖C0(�r )
≤ 2

√
Nre∞,

because v is a minimiser of E∞ and thus ‖Dv‖L∞(�) = ‖Du∞‖L∞(�) = e∞. If ε < r , then
there exists a constant C , depending only on N , n, and η, such that

‖u∞ − vε‖C0(�r )
≤ Cre∞.

It follows that

−2
ˆ

�

(u∞ − vε) ⊗ Dξ : F∞ dμ∞ ≤ 8Ce∞
(

μ∞(�r )

ˆ
�

|F∞|2 dμ∞
)1/2

.

Given a compact set K ⊂ � and given γ > 0, wemay choose r > 0 such that K ∩�r = ∅
and

8Ce∞
(

μ∞(�r )

ˆ
�

|F∞|2 dμ∞
)1/2

≤ γ.

For the above choice of ξ , we then conclude that

lim sup
k→∞

ˆ
�

ξ |Dvε − Dupk |2 dμpk ≤
ˆ

�

ξ |Dvε |2 dμ∞ − α2e2∞
ˆ

�

ξ dμ∞ + γ (22)

for all ε ≤ r . Clearly |Dvε | ≤ ‖Dv‖L∞(�) ≤ e∞ everywhere in �. Therefore,

lim sup
k→∞

ˆ
K

|Dvε − Dupk |2 dμpk ≤ (1 − α2)e2∞
ˆ

�

ξ dμ∞ + γ ≤ (1 − α2)e2∞ + γ. (23)

By Proposition 15,

ˆ
K

|Dvε − F∞|2 dμ∞ ≤ (1 − α2)e2∞ + γ
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as well. Since α ∈ (0, 1) and γ > 0 may be chosen arbitrarily here (and then the inequality
holds for ε small enough, depending on γ ), it follows that

lim
ε↘0

ˆ
K

|Dvε − F∞|2 dμ∞ = 0.

According to Definition 3, this means that F∞ = �Dv�μ∞ .
Because |Dvε | ≤ e∞ everywhere, this locally strong L2-convergence with respect to μ∞

also implies that |F∞| ≤ e∞ at μ∞-almost every point. Now we note that (22) further gives
rise to the inequalityˆ

�

ξ |F∞|2 dμ∞ = lim
ε↘0

ˆ
�

ξ |Dvε |2 dμ∞ ≥ e2∞
ˆ

�

ξ dμ∞. (24)

Hence |F∞| = e∞ at μ∞-almost every point.
Inequality (24), together with the dominated convergence theorem, also has the conse-

quence that ˆ
�

ξ(|Dv|
)2 dμ∞ =
ˆ

�

ξ lim
ε↘0

ess sup
Bε (x)

|Dv|2 dμ∞(x)

= lim
ε↘0

ˆ
�

ξess sup
Bε (x)

|Dv|2 dμ∞(x)

≥ lim
ε↘0

ˆ
�

ξ |Dvε |2 dμ∞

≥ e2∞
ˆ

�

ξ dμ∞.

(25)

Since we clearly have the pointwise bound |Dv|
 ≤ e∞, we conclude that |Dv|
 = e∞ at
μ∞-almost every point. All the claims of statement (i) are now proved.

The claim of statement (iii) relies on the same inequalities. We have shown, as a conse-
quence of (23), that for any compact set K ⊂ �, if δ > 0 is given, then there exists ε0 > 0
such that for any ε ∈ (0, ε0],

lim sup
k→∞

ˆ
K

|Dvε − Dupk |2 dμpk ≤ δ. (26)

But clearly, for a fixed ε,

lim sup
k→∞

ˆ
K

|Dvε − Dupk |2 dμpk

= lim sup
k→∞

ˆ
K

(|Dvε |2 − 2Dvε : Dupk + |Dupk |2
)
dμpk

=
ˆ
K

(|Dvε |2 − 2Dvε : F∞
)
dμ∞ + lim sup

k→∞

ˆ
K

|Dupk |2 dμpk

=
ˆ
K

|Dvε − F∞|2 dμ∞ −
ˆ
K

|F∞|2 dμ∞ + lim sup
k→∞

ˆ
K

|Dupk |2 dμpk .

Therefore, the above inequality (26) implies that

lim sup
k→∞

ˆ
K

|Dupk |2 dμpk ≤
ˆ
K

|F∞|2 dμ∞. (27)

By Proposition 15, this means that Mpk → M∞ strongly in K .
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Finally, we assume that e′∞ < e∞, and we prove the global statements (ii) and (iv) with
global variants of the above arguments. To this end, consider a regular mollifierMε . We now
define vε = Mεv. We choose α ∈ (0, 1) again. Just as before, we compute

ˆ
�

|Dvε − Dup|2 dμp

=
ˆ

�

(|Dvε |2 − |Dup|2
)
dμp + 2

ˆ
∂�

(u p − vε) · f p dm p

≤
ˆ

�

|Dvε |2 dμp − α2e2pμp(�) + α pe2p + 2
ˆ

∂�

(u p − vε) · f p dm p.

Hence

lim sup
k→∞

ˆ
�

|Dvε − Dupk |2 dμpk ≤
ˆ

�

|Dvε |2 dμ∞ − α2e2∞μ∞(�)

+ 2
ˆ

∂�

(u∞ − vε) · f∞ dm∞.

Fix γ > 0. We know that vε → v uniformly in �, and v = u∞ on ∂�. Hence

2
ˆ

∂�

(u∞ − vε) · f∞ dm∞ ≤ γ

whenever ε is sufficiently small. Therefore,

lim sup
k→∞

ˆ
�

|Dvε − Dupk |2 dμpk ≤
ˆ

�

|Dvε |2 dμ∞ − α2e2∞μ∞(�) + γ. (28)

By the properties of regular mollifiers, we know that

lim sup
ε↘0

‖Dvε‖C0(�) ≤ ‖Dv‖L∞(�) ≤ e∞. (29)

Hence

lim sup
k→∞

ˆ
�

|Dvε − Dupk |2 dμpk ≤ (1 − α2)e2∞μ∞(�) + 2γ

when ε is small enough. Proposition 15 then implies that

lim
ε↘0

ˆ
�

|Dvε − F∞|2 dμ∞ = 0.

It follows that F∞ = �Dv�μ∞ .
Using (29) again, we conclude that the inequality |F∞| ≤ e∞ holds μ∞-almost every-

where in �. By (28),
ˆ

�

|F∞|2 dμ∞ = lim
ε↘0

ˆ
�

|Dvε |2 dμ∞ ≥ e2∞μ∞(�).

Hence |F∞| = e∞ at μ∞-almost every point of �.
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As in (25), we see thatˆ
�

(|Dv|
)2 dμ∞ = lim
ε↘0

ˆ
�

ess sup
Bε (x)∩�

|Dv|2 dμ∞(x)

≥ lim
ε↘0

ˆ
�

|Dvε |2 dμ∞

= lim
ε↘0

ˆ
�

|F∞|2 dμ∞

= e2∞μ∞(�)

by the properties ofMε . Hence |Dv|
 = e∞ at μ∞-almost every point of �. This completes
the proof of (ii).

For the proof of (iv), we observe that the derivation of (27) now works for K = � as well.
Thus it suffices to use Proposition 15 again. ��

6 Combining the tools

In this section,weproveTheorem4. If e∞ = 0, thenwecan choose anyunit vector �T0 ∈ R
N×n

and set T = [Ln �, �T0]. The statements of the theorem will then be satisfied trivially. We
therefore assume that e∞ > 0 henceforth.

The current T in the theorem is then just another representation of the measure-function
pair M∞ = (μ∞, F∞) constructed above. Namely, we set T = [μ∞, F∞]. Since we know
that |F∞(x)| = e∞ for μ∞-almost every x ∈ � by Theorem 17, this means that ‖T ‖ � =
e∞μ∞ � and �T = e−1∞ F∞ in �. If e′∞ < e∞, then ‖T ‖ = e∞μ∞ and �T = e−1∞ F∞ on �

by the same theorem.
Theorem 4 now follows from the results in the previous sections. We will give the details

below. First, however,we formulate and prove a local version of themassminimising property
in statement (iv).(d) in Theorem 4. This result also holds true if e′∞ = e∞.

Theorem 19 Suppose that S is an N-tuple of 1-currents with locally finite mass and with
supp ∂S ∩ � = ∅. If K ⊂ � is a compact set such that S(ω) = T (ω) for all ω ∈ (D1(�))N

with ω = 0 in K , then ‖T ‖(K ) ≤ ‖S‖(K ).

Proof We first note that �Du∞�‖T ‖ = e∞ �T by Theorem 17. According to Corollary 10, this
implies that

−T (u∞dχ) = e∞
ˆ

�

χ d‖T ‖

for any χ ∈ C∞
0 (�) with χ ≥ 0. Hence the claim follows from Corollary 11. ��

For the proof of Theorem 4, we also require some additional tools, including the following
estimate.

Lemma 20 Suppose that e′∞ < e∞. Then there exist R > 0 and β ∈ (0, 1) such that
‖T ‖(�r/2 ∪ ∂�) ≤ β‖T ‖(�r ∪ ∂�) for all r ∈ (0, R].
Proof Choose R > 0 such that there exists a smooth nearest point projection� : �2R → ∂�.
We may replace u0 (while still using the same notation) by a function such that u0(x) =
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u0(�(x)) for x ∈ �R . Then

c:=ess sup
�R

|Du0| < e∞,

provided that R is sufficiently small.
Now fix r ∈ (0, R]. Choose ξ ∈ C∞

0 (Rn) with 0 ≤ ξ ≤ 1 and such that ξ ≡ 1 in �r/2

and ξ ≡ 0 in a neighbourhood of � \ �r , and such that |Dξ | ≤ 4/r . Thenˆ
�

ξ |Dup|p dx

=
ˆ

�

ξ |Dup|p−2Dup : Du0 dx +
ˆ

�

ξ |Dup|p−2Dup : (Dup − Du0) dx

=
ˆ

�

ξ |Dup|p−2Dup : Du0 dx −
ˆ

�

|Dup|p−2(u p − u0) ⊗ Dξ : Dup dx .

Moreover, given α ∈ (0, 1), we can estimateˆ
�

ξ |Dup|p−2Dup : Du0 dx ≤ p − 1

p
α

p
p−1

ˆ
�

ξ |Dup|p dx + 1

pα p

ˆ
�

ξ |Du0|p dx

by Young’s inequality. Hence

(
1 − p − 1

p
α

p
p−1

)ˆ
�

ξ |Dup|p dx

≤ 1

pα p

ˆ
�

ξ |Du0|p dx −
ˆ

�

|Dup|p−2(u p − u0) ⊗ Dξ : Dup dx

≤ cp

pα p

ˆ
�

ξ dx −
ˆ

�

|Dup|p−2(u p − u0) ⊗ Dξ : Dup dx .

In terms of the measures μp , this means that

(
1 − p − 1

p
α

p
p−1

)ˆ
�

ξ |Dup|2 dμp

≤ cpe2−p
p

pα p

 
�

ξ dx −
ˆ

�

(u p − u0) ⊗ Dξ : Dup dμp.

Choose α > c
e∞ . Restricting to pk and letting k → ∞, we then find that

(1 − α)

ˆ
�

ξ |F∞|2 dμ∞ ≤
ˆ

�

(u∞ − u0) ⊗ Dξ : F∞ dμ∞

by Proposition 15. Since u∞ − u0 ∈ W 1,∞
0 (�;RN ), there exists a constant C1 such that

|u∞ − u0| ≤ C1r in �r . Henceˆ
�r/2∪∂�

|F∞|2 dμ∞ ≤ C2e∞
ˆ

�r \�r/2

|F∞| dμ∞,

where C2 = 4C1/((1 − α)e∞). By Theorem 17 and by the definition of T , this means that

‖T ‖(�r/2 ∪ ∂�) ≤ C2‖T ‖(�r \ �r/2).
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Adding C2‖T ‖(�r/2 ∪ ∂�) on both sides of the inequality, we conclude that

‖T ‖(�r/2 ∪ ∂�) ≤ C2

C2 + 1
‖T ‖(�r ∪ ∂�).

Thus we have the desired inequality for β = C2/(C2 + 1). ��
We now have everything in place for the proof of our main theorem.

Proof of Theorem 4 Recall that we use the assumption e∞ > 0, as the theorem is trivial
otherwise. We have a measure-function pair M∞ = (μ∞, F∞), constructed in Sect. 3, that
satisfies statements (i) and (iii) of Theorems 17, and (ii) and (iv) as well if e′∞ < e∞. As
described at the beginning of this section, we set T = [μ∞, F∞]. Then Theorem 17 implies
that ‖T ‖ � = e∞μ∞ � and �T = e−1∞ F∞ in �. If e′∞ < e∞, then ‖T ‖ = e∞μ∞ and
�T = e−1∞ F∞ on �. We conclude that T �= 0 in the second case.

We now prove the individual statements of Theorem 4.
(i) It is clear that supp T ⊆ �. For any σ ∈ (D0(Rn)N with compact support in �, we note
that

T (dσ) =
ˆ

�

F∞ : Dσ dμ∞ = 0

by (12). Hence supp ∂T ⊆ ∂�.
(ii) Both statements follow immediately from Theorem 17.
(iii) We note that identity (21) for the measure-function pair M∞ corresponds to (4) for T .
Therefore, if we have two minimisers u, v ∈ u0 +W 1,∞

0 (�;RN ) of E∞, then we may apply
Proposition 12 to the function u − v. Since we have already proved that �Du�‖T ‖ = e∞ �T =
�Dv�‖T ‖, it follows that u = v on supp T .
(iv) Here we assume that e′∞ < e∞. Then statement (a) is a consequence of Proposition 16,
as it follows that

∂T (σ ) = lim
�→∞

ˆ
�

Dup�
: Dσ dμp�

=
ˆ

∂�

f p�
· σ dmp�

=
ˆ

∂�

f∞ · σ dm∞

for all σ ∈ (D0(Rn)N . Here (m∞, f∞) is the measure-function pair over ∂� found at the
beginning of Sect. 5.

Statement (b) is an obvious consequence of Lemma 20 and the fact that T �= 0.
For the proof of statement (c), we invoke Theorem 17.We conclude that �Du�‖T ‖ = e∞ �T .

Hence Proposition 8 implies that ∂T (u0) = e∞M(T ).
Finally, we prove (d). Recall that we have already proved the identity ∂T (u0) = e∞M(T )

when e′∞ < e∞. Thus Corollary 9 implies the desired statement.
��

7 The structure of T

In this final section we give somemore results about the structure of the N -tuple of 1-currents
T constructed above. These are based on the condition (4) and are closely related to standard
results on varifolds. Most of the results in the literature, however, do not apply to T , as it
is somewhat unusual: it should be thought of as a 1-dimensional object, because it acts on
1-forms, but need not actually be 1-dimensional in any other sense. In contrast, most results
on currents or varifolds in the literature assume rectifiability in the appropriate dimension.
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We use some more concepts from geometric measure theory in the following, including
the notion of a countably rectifiable measure. A definition can be found, e.g., in a book by
Mattila [32, Definition 16.6].

Theorem 21 The measure ‖T ‖ � is absolutely continuous with respect to the one-
dimensional Hausdorff measureH1. Moreover, for any ‖T ‖-measurable set A ⊆ � such that
H1(A) < ∞, the restriction ‖T ‖ A is a countably 1-rectifiable measure. At ‖T ‖-almost
every point x ∈ A, the approximate tangent space of ‖T ‖ A contains { �T1(x), . . . , �TN (x)}.

This means that the dimension of T , say in the sense of Hausdorff dimension for the
measure ‖T ‖ as defined by Mattila, Morán, and Rey [33], is at least 1 (unless ‖T ‖(�) = 0).
It can, however, be higher. (An example is discussed in the introduction.) If we restrict ‖T ‖
to a 1-dimensional set A, then we have the structure typically assumed in geometric measure
theory. We then also find that the vectors �T1(x), . . . , �TN (x) are tangential. Since we have
a 1-dimensional approximate tangent space here, this means that they are parallel to one
another (or vanish) at ‖T ‖-almost every point x ∈ A.

For the proof, we use a monotonicity identity that is a standard tool in the theory of
varifolds (see [37, §17]). It is difficult, however, to find a formulation in the literature for
anything more general than a rectifiable varifold, even though the standard arguments apply
more generally.We therefore provide a proof for the convenience of the reader. As mentioned
earlier, varifolds and currents are closely related, and we can formulate the identity in terms
of T .

Lemma 22 For any x0 ∈ � and for 0 < s < r ≤ dist(x0, ∂�), the identity

‖T ‖(Br (x0))
r

− ‖T ‖(Bs(x0))

s
=
ˆ
Br (x0)\Bs (x0)

1 − ∣∣ x−x0|x−x0| · �T ∣∣2
|x − x0| d‖T ‖

holds true.

Proof We may assume without loss of generality that x0 = 0.
Choose a non-increasing function ξ ∈ C∞(R) with ξ ≡ 1 in (−∞, 0] and ξ ≡ 0 in

[1,∞). For ρ > 0, define

ηρ(x) = ξ(|x |/ρ).

Test (4) with ψρ(x) = ηρ(x)x . This gives

ˆ
�

(
ηρ(x) + ξ ′(|x |/ρ)

|x |
ρ

∣∣∣ x

|x | · �T
∣∣∣2

)
d‖T ‖(x) = 0.

Now we compute

d

dρ

(
1

ρ

ˆ
�

ηρ d‖T ‖
)

= − 1

ρ2

ˆ
�

(
ηρ(x) + |x |

ρ
ξ ′(|x |/ρ)

)
d‖T ‖(x)

= − 1

ρ3

ˆ
�

ξ ′(|x |/ρ)|x |
(
1 −

∣∣∣ x

|x | · �T
∣∣∣2

)
d‖T ‖(x).
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Integrate with respect to ρ over the interval (s, r):

1

r

ˆ
�

ηr d‖T ‖ − 1

s

ˆ
�

ηs d‖T ‖

= −
ˆ r

s

1

ρ3

ˆ
�

ξ ′(|x |/ρ)|x |
(
1 −

∣∣∣ x

|x | · �T
∣∣∣2

)
d‖T ‖(x) dρ

= −
ˆ

�

ˆ r

s

|x |ξ ′(|x |/ρ)

ρ3 dρ

(
1 −

∣∣∣ x

|x | · �T
∣∣∣2

)
d‖T ‖(x).

Set

�(x) = −
ˆ r

s

|x |ξ ′(|x |/ρ)

ρ3 dρ,

so that

1

r

ˆ
�

ηr d‖T ‖ − 1

s

ˆ
�

ηs d‖T ‖ =
ˆ

�

�(x)

(
1 −

∣∣∣ x

|x | · �T
∣∣∣2

)
d‖T ‖(x).

Note that

�(x) =
ˆ r

s

d

dρ
ξ(|x |/ρ)

dρ

ρ
= ξ(|x |/r)

r
− ξ(|x |/s)

s
+
ˆ r

s
ξ(|x |/ρ)

dρ

ρ2 .

Now let ξ approximate the characteristic function of (−∞, 1). Then �(x) converges to

r−1 +
ˆ r

|x |
dρ

ρ2 = |x |−1

for s ≤ |x | < r and to 0 else. Using the dominated convergence theorem, we obtain the
formula in the statement. ��
Proof of Theorem 21 A consequence of Lemma 22 is that for any x ∈ �, the function r �→
r−1‖T ‖(Br (x)) is monotone. Therefore, the limit

�(x) = lim
r↘0

‖T ‖(Br (x))
r

exists. Lemma 22 also implies that � is locally bounded. It follows from standard results on
Hausdorff measures [19, Section 2.10.19] that ‖T ‖ is absolutely continuous with respect to
H1.

Let � = {x ∈ � : �(x) > 0}. Moreover, for � ∈ N, let �� = {x ∈ � : �(x) ≥ 1/�}.
Then it also follows from standard results [19, Section 2.10.19] that

lim
r↘0

1

r
‖T ‖(Br (x) \ ��) = 0

for almost every x ∈ �� with respect to H1 (and therefore with respect to ‖T ‖ as well).
Hence

lim
r↘0

1

r
‖T ‖(Br (x) ∩ ��) = �(x)

for ‖T ‖-almost every x ∈ ��. The results of Preiss [34] now imply that themeasure ‖T ‖ ��

is countably 1-rectifiable. Hence � is a countably 1-rectifiable set.
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Given x0 ∈ �, we now consider tangent measures of ‖T ‖ at x0. To this end, define
�r = 1

r (� − x0) for r > 0. Consider the measures λr on �r defined byˆ
�r

η dλr = 1

r

ˆ
�

η((x − x0)/r) d‖T ‖(x)

for η ∈ C0
0 (�r ), and consider the functions �Tr : �r → R

N×n with

�Tr (x) = �T (r x + x0).

Then for any R > 0,

λr (BR(0)) = 1

r
‖T ‖(BRr (x0)) → R�(x0),

while | �Tr | = 1 almost everywhere with respect to λr . We may therefore pick a sequence
r� ↘ 0 such that the measure-function pairs (λr� ,

�Tr� ) converge weakly to some measure-
functionpair (λ0, �T0)overRn . If x0 is such that� has an approximate tangent line Lx0 ⊆ R

n at
x0 (which is ‖T ‖-almost everywhere [37, Theorem 11.6]) and �T is approximately continuous
at x0 with respect to ‖T ‖ (also ‖T ‖-almost everywhere [19, Theorem 2.9.13]), then the limit
will be locally strong and of the form

λ0 = 1

2
�(x0)H1 Lx0 (30)

and
�T0(0) = �T (x0). (31)

Now suppose that 0 < S < R. Let ζ ∈ C0
0 (BR(0)\BS(0);RN×n) such that x · ζk(x) = 0

everywhere for k = 1, . . . , N . Then we conclude thatˆ
Rn

|x |−1(ζ : �T0)2 dλ0

= lim
�→∞

ˆ
Rn

|x |−1(ζ : �Tr� )2 dλr� (x)

= lim
�→∞

ˆ
�

|x − x0|−1
(
ζ((x − x0)/r�) : �T (x)

)2
d‖T ‖(x)

≤ ‖ζ‖2L∞(Rn) lim
�→∞

ˆ
BRr� (x0)\BSr� (x0)

1 − ∣∣ x−x0|x−x0| · �T (x)
∣∣2

|x − x0| d‖T ‖(x)

= ‖ζ‖2L∞(Rn) lim
�→∞

(
1

Rr�
‖T ‖(BRr� (x0)) − 1

Sr�
‖T ‖(BSr� (x0))

)

by Lemma 22. As

lim
�→∞

‖T ‖(BRr� (x0))

Rr�
= �(x0) = ‖T ‖(BSr� (x0)

Sr�
,

we conclude that ˆ
Rn

|x |−1(ζ : T0)2 dλ0 = 0

for any ζ with the above properties. If x0 is such that (30) and (31) hold true, then this means
that �Tk(x0) ∈ Lx0 for k = 1, . . . , N . Recall that this is true for ‖T ‖-almost every x0 ∈ �.
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Now the claims of the theorem follow almost immediately. We have already seen that ‖T ‖
is absolutely continuous with respect to H1. For a set A as in the statement, we conclude
that ‖T ‖(A \ �) = 0 [19, Section 2.10.19], so we may assume that A ⊆ �. The remaining
statements then follow from what we know about �. ��
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