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The eddy-driven jet stream and storm tracks in the mid-latitude atmosphere are known to shift in latitude on
various timescales, but the physical processes that cause these shifts are still unclear. In this study, we introduce
a minimal dynamical system derived from the classical Phillips two-level model with the goal of elucidating
the essential mechanisms responsible for the interaction between eddies and mean flow. Specifically, we aim to
understand the link between the structure of the eddies and the shift of the latitudinal maximum of the zonal
flow. By varying the horizontal shape of the eddies, we find three distinct dynamical regimes whose occurrence
depends on the intensity of the external baroclinic forcing: a purely zonal flow, a barotropic eddy regime with
net poleward momentum flux, and a baroclinic eddy regime with both net poleward momentum and heat flux.
For weak baroclinic forcing, the classical zonal flow solution with latitudinal maximum at the centre of the
beta-channel is found. For strong forcing, if eddies are southwest-northeast tilted and zonally elongated, the
system is in the baroclinic eddy regime, resulting in a poleward shift of the jet. The intermediate barotropic
eddy regime also features a poleward shifted jet, yet with eddies structurally distinct from the baroclinic
regime. Changing the parameters yields transitions between the regimes that can be either continuous or
discontinuous in terms of the properties of the atmosphere. The findings of this study also provide insights
into the properties of the storm track change between the jet entrance and jet exit regions of the North Atlantic.

1. Introduction flow, and therefore enhance the barotropic nature of the westerly flow

near the entrance and in the middle sector. Instead, in the jet exit

The eddy-driven jet stream and associated storm track is the main
location of extreme weather events in the mid-latitude atmosphere and
has a profound impact on the general circulation of the atmosphere and
oceans by transporting heat, momentum and moisture from the equator
towards the poles. The strength and location of the jet stream vary on
a vast range of time scales [1]. In order to explain these variations and
eventually be able to predict them, it is important to understand the
driving mechanisms.

Numerous studies quantifying and describing the impact of the
eddies on the zonal flow and its location evolved around the work by
Hoskins et al. [2], who developed a diagnostic time-averaged quantity,
which they called E-vector, in order to assess the three-dimensional
momentum convergence and the influence of the eddies on the mean
flow. They also showed the important role played by the anisotropy of
the eddies - and specifically by their tilt and aspect ratio.

Using data for the Northern Hemisphere 1979-80 winter from the
European Centre for Medium-Range Weather Forecasts (ECMWF), the
diagnostic showed that in the entrance region of the storm track non-
tilted eddies with similar zonal and meridional wavenumber transport
momentum to lower levels and decrease the vertical shear in the zonal

region, zonally elongated southwest-northeast tilted eddies decrease
the kinetic energy of the mean flow.

The analysis by Woollings et al. [3], based on the 40-year ECMWF
re-analysis (ERA-40) data, suggests that there are three preferred lati-
tudinal positions of the North Atlantic eddy-driven jet stream in winter:
south, middle, and north. Using a nonlinear oscillator relationship
between the meridional temperature gradient (baroclinicity) and the
meridional eddy heat flux, Novak et al. [4] found that high upstream
eddy heat flux tends to deflect the jet northward, whereas low eddy
heat flux is associated with a more southward deflected jet. We remind
that the position of the jet changes also on much longer time scales. The
observed slow poleward shift of the mid-latitude storm track [5] is pro-
jected to continue as the climate warms [6], as a result of changes in the
baroclinicity and in the static stability of the mid-latitude atmosphere
as well as in the height of the tropopause [7-10]. However, a generally
accepted theory for the dynamical mechanisms driving observed and
modelled shifts is still absent; see discussion in [11,12].

Instead of using re-analysis data or high-resolution general circu-
lation model simulations, this study aims at asking the question of
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whether it is possible to describe at least at a qualitative level the
shifts of the jet in a severely truncated model of the atmosphere. Our
objective is not to create a realistic model of atmospheric dynamics but
rather to capture the essential nonlinear processes responsible for the
latitudinal vacillation of the jet by distilling the minimal components
needed to observe such behaviour.

Starting from the Phillips’ two-level quasi-geostrophic model on the
p-plane [13], arguably the simplest model of the dynamics of the mid-
latitude atmosphere that can incorporate both barotropic and baroclinic
processes, with external forcing associated with diabatic heating,we
developed a set of ordinary differential equations that are able to
provide a minimal yet meaningful model of the interaction between
mean flow and eddy activity [14]. In that work, the eddies are assumed
to have no east-west tilt. Hence, eddy momentum fluxes were not
represented and the maximum of the mean flow did not vary in latitude.

The novelty of the present paper is that we allow a tilt in the
eddies and redefine the shape of the mean flow in order to allow for
variations of the latitudinal maximum of the zonal wind. In accordance
with that, we choose a southwest-northeast tilted eddy shape to allow
nonlinear interactions in form of northward eddy momentum fluxes.
These changes yield substantially richer dynamics as compared to [14].
Apart from a purely zonal regime, our new model exhibits competing
barotropic and baroclinic eddy regimes with different impacts on the
latitudinal maximum of the mean flow, or, namely, the position of
the jet. The derivation of our minimal model differs substantially from
classical modal expansion as presented in e.g. [15,16].

This paper is structured as follows. In Section 2 we briefly review
the model derived in [14], followed by the above mentioned definitions
of the mean flow and eddy shape, and by the derivation of evolution
equations for the flow amplitudes defining our model. In Section 3
the steady state and stability thereof are determined and the model
is compared to the non-tilted eddy case in [14]. The dynamics of
the system for tilted eddies is described in Section 4, and Section 5
summarises the results and discusses them in light of the current
literature.

2. The model equations
We consider the two-level quasi-geostrophic model in pressure coor-

dinates introduced in [13] and follow the derivation presented in [14]
to obtain the evolution equations for the mean zonal wind u,, and shear

ur:
% B ;iz% i = ,%%W = 1> AT, ~ 5@y, ~ 2iy). (1a)
_ S
[)‘)L’T G i A %U’Tu;" e +l A %"l"'"% Nz i% %U;n‘”/r (1b)
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where V' = (4, v) is the horizontal velocity vector. Additionally, for any
field F, we have that F, (x, y,1) = 1/2(F|(x, y,1)+ F5(x, »,1)), Fr(x,y,1) =
Fy(x,y,1) — F,(x,y,1), where the subscripts ; and , refer to the 250
and 750 hPa levels respectively, the overbar denotes the zonal mean
Fo,t) = (1 /L) fOL dx F(x,y,t), and the prime denotes the deviation
from such a mean as F/(x,y,t) = F(x,y,t) — F(y,1). These equations
are defined on the spatial domain (x, y) € [0, L] X [0, W], where L and
W are the length and width of the g-plane channel with f = f, + fy.

Additionally, the parameters A and x describe the eddy diffusion
and the surface friction diffusion, hence controlling the dissipation
processes that remove energy from the system. The parameter c, is
the isobaric specific heat capacity of dry air and R is the specific gas
constant for dry air.

The profile of the diabatic heating is linear in y, and antisymmetric
with respect to the central latitude, so that H is the mean rate of
heating per unit mass for y € [0, W /2] (or cooling for y € [W /2, W]).
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Diabatic forcing of this form acts as a baroclinic forcing increases the
mean available potential energy of the system by creating a meridional
temperature gradient [17,18]. The eddies resulting from the break-
down of the stability of the zonal flow solution transport momentum
and heat and act as negative feedback of the system [19]. Finally,
the parameter [ is the latitudinal wavenumber, and the parameter
o= 2pf2 /(6p*T,R) is the inverse square of the Rossby radius of
deformation, where 6p is the pressure difference between levels 1 and
3 and the basic state static stability is defined as T’ = RT/ pe, —dT [dp
with temperature 7.
The mean zonal wind and shear are defined as

Uy () = EM’T(I) sinly — ZM,T(I) cosly, (2)

with time-dependent amplitudes ﬁm,T(t) and fm,T(t) determining the
flow speed and where the longitudinal wavenumber is / = z/W. The
latitudinal position y,,,, of the maximum of the zonal mean barotropic
flow and zonal shear is given by tan(/yyay) = —Ur /Ly and tan(lyy,) =
-U,,/L,, respectively. Instead, the latitudinal position y,,, of the
maximum of the zonal flow at the two levels is given by

tan(lyya) = — (2Um iUT) / (2Zm + ZT) 3

with the plus sign corresponding to the upper level jet and the minus
sign to the lower level jet, respectively.

In [2,20] it was shown that during their life cycle the mid-latitude
eddies in the storm track associated with the eddy-driven jet stream
evolve to become meridionally elongated and southwest-northeast
tilted. Based on that, we propose the following the following ansatz for
the eddy component of the barotropic and baroclinic streamfunction:

w! (3. 1) = A, (1) sink(x — by)sinly + B, 1(1) cos k(x — by)sinly, (4)

where A, r(t) and B, r(1) are time-dependent amplitudes, the longitu-
dinal wavenumber ! = n/W is defined as above, and k is a multiple
of I defined as k = jl = jz/W where j is a parameter describing the
aspect ratio of the eddies, that is — without loss of generality — assumed
to be a non-negative number. In the following, eddies with equal zonal
and meridional wavenumber and thus aspect ratio j = 1 are referred
to as being circular. The parameter » describes the slope of the tilt, see
Fig. 1.

In comparison to [14], such a shape of the eddy streamfunction
components does not lead to a cancellation of the eddy product terms
in Egs. (1a) and (1b). This is due to the eddies being not meridionally
symmetric and therefore the system exhibits non-zero momentum and
so-called mixed momentum fluxes defined, respectively, by

W+ = PP (A2 + B+ A%+ BE) s Iy, (5a)
w oh +ub o) = j*1%b (A, Ar + B, Br) sin® Iy, (5b)

We remark that the sum of these fluxes is the momentum flux at the
upper level 1 of the two-level model and the difference is the momen-
tum flux at the lower level 3. As can be seen from these equations, the
momentum fluxes are proportional to the tilt parameter » and circular
eddies (b = 0) do not produce momentum fluxes.
The net poleward eddy heat flux can be calculated as
Jlfo

v T) = = (A, By — ArB,,) sin® Iy, (6)

where the temperature at level 2 is related to the streamfunction y
by the hydrostatic balance equation, and where we have neglected the
(physically important) factor involving the heat capacity. The merid-
ional shape of the fluxes closely resembles the zonally averaged reanal-
ysis data as shown in [21]. In contrast to the momentum fluxes, the
poleward heat flux is not proportional to the eddy tilt b and therefore
possibly non-vanishing for non-tilted eddies (b = 0) as well.

Next, we derive time evolution equations for the mean flow ampli-
tudes 5,,,,T(t) and Zm,T(t), and for the eddy streamfunction amplitudes
A, 7(t) and B, r(?). The former can be obtained by first replacing the
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Fig. 1. Eddy streamfunction shape for different values of the tilt b and the aspect ratio j; blue denotes positive, red denotes negative values.

mean zonal wind and shear in Egs. (1a) and (1b) by its definitions
(2), additionally calculating the zonally averaged eddy momentum and
heat fluxes occurring in these equations by replacing the eddy variables
by their definitions (4) and projecting both equations onto the two
meridional modes of u,, and u;. This is done by multiplying the result
by either sin/y or cos/y and taking the meridional average across the
whole domain.

To obtain the evolution equations for the eddy amplitudes A,
and B,r we project the non-averaged evolution equations for the
barotropic and baroclinic vorticities derived in [14] onto the two
zonal modes (sin k(x — by) and cos k(x — by)) and the meridional mode
(sin/y) of the barotropic and baroclinic streamfunction (4), yielding
four equations.

Finally, the eight evolution equations for the mean flow and eddy
amplitudes are

d— — k(= =
20, =-P4U, -5 (Um - 2UT>, (72)
d— 1622, 5 5 5 ooy 2= K[+ =
ST, == (A2 + B+ A3+ B}) - PAL, - 5 (L, - 2Ly ). (7b)
21292
J— 4232 L=
40, =———"R __(A,By — A;B,) — AU
dt T 3W(lz+/1§e)(m7‘ Tm) T
P’ k(= =
+ 2 (U, -20r) (70)
2 m
P+a32
N A% SRH
Pt 2L ToeynW'
d— 16,21 ) =
—Ly=—+——— (A,Ap + B, By) — "ALy
dt 3W (12 +4%)
2 k(=
12+12 2( 2LT> 7d)
d a,,8J 8a,,j (1 +bY) /  — —\ &
Sty == B, = (B, + BrUr ) - 5 (4, - 247)
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~ 8a,,j2b — —
_AmamAm_ IW (A +ATLT>’
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g =-L BT+T(BmUT+BTUm)+E(Am—2AT)
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I2W (BmUT - BTUm>
(AnLr+AsL,,).

8azj3(1 + b?)
W
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dt T

— — Koy
(AmUT + ATU,,,) +5(B, ~2By)
m
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— ZTaTBT +

Barjiy ,  — _
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8ayj2b
3w
Wwhere 4, = G412 + 64412 + 662217 + 12)A and a,, = (2 + j20* + 1),
Ar = G*% + j4*2 + 620212 + 17 + (2 + j2B + 1)@)14 and a; =
(% +j26% + 1+ 2% /12)7! for better readability.

(B,,,ZT n BTZ,,,) ,

3. Purely zonal flow and non-tilted eddies

A stationary zonal flow state P° with the jet located at the centre
of the channel and where all eddy components are zero is a solution to
the equations above:

1

—0 —0 2
P’ =(U,.0,U;,0,0,0,0,0) = aH(1,0, 4, 5:0.0.0,0,0), (8)
K

with & = (A@? + 42 DQPA + k) + 2;cle)‘l 16¢ I/l3W2 Since eddies are
absent, such a solut10n agrees with the zonal sOteady state for the model
presented in [14]. The linear stability of the zonal flow solution can be
determined by numerically calculating the eigenvalues of the Jacobian
matrix of system (7a)-(7h). It is extremely challenging to study how the
stability of such a state depends on the value of all the parameters of
the system. Therefore, while the parameters in Table 2 are kept fixed, in
what follows the heating rate H, the eddy streamfunction tilt parameter
b, and the eddy shape parameter j describing the eddy aspect ratio are
varied within the ranges given in Table 3.

For eddies that are not tilted (b = 0), this system’s stability be-
haviour is identical to that derived in [14], as expected. Keeping j fixed,
the above-defined purely zonal state grows linearly with the heating H.
For a further increase of H, a complex conjugate pair of eigenvalues of
the Jacobian matrix of system (7a)—(7h) at the steady state (8) crosses
the imaginary axis and their real part becomes positive. It follows that
the steady state loses its stability at this threshold value of H and
numerical simulations show that in this region of the parameter space
a stable periodic limit cycle appears. This suggests the occurrence of a
Hopf bifurcation because only for this type of bifurcation a steady state
exchanges stability with a limit cycle. Since these appearing orbits are
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wind maximum, the second row shows the maximum values of the mean zonal wind, the third row shows the poleward heat flux, and the fourth row the momentum flux; the
dashed areas denote the stable region of the zonal steady state; the black areas are the regions where the zonal flow regime and baroclinic eddy regimes compete.

stable after the switch, the Hopf bifurcation is supercritical. Beyond the
bifurcation point, the jet intensity remains constant, whereas the eddy
amplitudes A4, and B, r oscillate periodically.

Apparently, this seems at odds with what is shown in [14], where
the system exhibits a second steady state, the eddy saturation regime.
Indeed, we are recovering here the same result: the apparent difference
results from the fact that in [14] the reduced order model entails the
evolution of eddy correlation terms, whereas here we describe the
amplitude of the considered eddy components.

We remark that if b = 0 the zonally averaged momentum flux
(Eq. (5a)) and mixed momentum flux (Eq. (5b)) vanish because non-
tilted eddies are symmetric in both directions and therefore the mo-
mentum fluxes cancel in the zonal average.

4. Barotropic and baroclinic eddy regime

For tilted eddies (b > 0; see the second and third row of Fig. 1), the
system exhibits an entirely different behaviour compared to the case
where eddies are not tilted. First of all, the eddy saturation regime
disappears: in all cases, the strength of the zonal jet monotonically
increases with H. Increasing the tilt leads to a decrease in the critical
value of the heating H at which the zonal state loses its stability.
Moreover, for larger values of H than this critical value, the dynamics
of the system feature two different regimes.

As before, in both of these unstable regimes the eddy amplitudes
A,r and B, ; exhibit periodic behaviour, whereas the mean flow
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amplitudes ﬁm‘T and zm,T are non-zero and constant. Therefore, the
poleward heat flux and momentum fluxes remain constant as well. The
stability of the periodic orbits was determined by numerical experi-
ments. Therefore, the dynamical system was simulated for a dense set of
parameter values within the range shown in Table 3 up to asymptotic
convergence to a constant value for the mean flow amplitudes, pole-
ward heat flux and momentum fluxes. The robustness of the obtained
results was verified by simulating the system for a range of different
initial conditions, which did not change the final constant values of the
solutions. The black areas in Fig. 2 are the regions of the parameter
space where the solutions did not converge to a constant value. The
behaviour of the model for these parameter combinations is explained
later in this section.

For the following analysis the latitudinal maximum strength and
position of the mean zonal wind and shear (Eq. (2)) together with
the poleward heat flux (Eq. (6)) and the momentum flux on the upper
level of the two-level model (Eq. (5a)) + (Eq. (5b)) are the quantities
of interest. Therefore, we describe the behaviour of these diagnostics
instead of the evolution of the single amplitudes.

If b > 0, the maximum of the zonal flow moves poleward when the
zonal state loses stability. This can be seen in the first row of Fig. 2,
where the latitude of the mean zonal wind maximum is plotted as a
function of H and b. First, solely the column in the middle is consid-
ered, where j was set to one, meaning that the eddy streamfunction
has the same zonal and meridional wavenumber, compare Fig. 1. The
dashed region, where the zonal flow peaks in the middle of the channel,
is the stable region of the zonal steady state.

Increasing the heating H and/or the eddy tilt b leads to a switch
of the system to the next state, where the latitudinal maximum of the
mean flow is slightly pushed northward and its intensity keeps growing
linearly with H, see Fig. 2 in the middle of the second row and compare
also the top middle plot in Fig. 3. In this state, the momentum flux
(bottom row) is positive and increasing with H in a similar manner
as the mean flow moves poleward, whereas the poleward heat flux
(third row) remains zero. In the absence of poleward heat flux by the
eddies, diffusion is the sole mechanism to balance the baroclinic forcing
that pushes the system towards the prescribed meridional temperature
profile. Hence, the zonal wind speed grows rapidly with H. Therefore,
this regime is called the barotropic eddy regime in the following.

For still larger values of H one finds the third regime of the system,
where the mean flow is pushed much further northward. In this regime,
the zonal wind still grows linearly with the heating, but now with a
lower rate, and the poleward heat flux and the momentum flux increase
with H. Since the heat flux is not zero anymore, this regime is named
the baroclinic eddy regime. An overview of the three flow regimes and
the respective flow properties is shown in Table 1.

The switch from the stable state through the barotropic to the
baroclinic eddy regime for increasing heating can happen in four
different ways, depending on the magnitude of the tilt 5. Three of these
transitions are shown in Fig. 3 for j = 1.

For b < 0.06 - we portray on the left panels the case b = 0.05
- (here and in what follows the reported values for b are rounded
to two decimal places) one observes for critical value of H = H,,
a discontinuous transition from the zonal directly to the baroclinic
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Table 1

Overview of flow properties in respective regimes. The expression “with respect to” is shortened as “wrt”.

Purely zonal
flow regime

Barotropic
eddy regime

Baroclinic
eddy regime

Mean zonal wind u,
and shear u;

Positive,
growth wrt H

Growth wrt H,
peak pushed north

Reduced growth in H
peak pushed further north

Physica D 458 (2024) 133926

Net poleward heat 0 0 Positive,

flux v], Ty growth wrt H

Eddy momentum 0 Positive, Positive,

flux w'v/ growth wrt H reduced growth wrt H

regime. The transition is accompanied by a modest northward shift of
about 5° of the peak of the zonal flow, and is followed by a monotonic
increase of the meridional momentum flux and of the heat flux with
respect to H. The momentum flux grows almost linearly with H, whilst
the heat flux grows, apart from the small offset, as ~ (H — H,,)*/?,
thus featuring increasing sensitivity with larger forcing. The position of
the peak of the zonal wind obeys, in the vicinity of the transition, an
approximate square root law of the form (H — H,,)'/2, apart the offset
associated with the discontinuity at H = H,,. In turn, the intensity of
the zonal flow is weakly affected by the presence of the transition, as
an approximate linear growth with respect to H is found also in the
baroclinic regime, as a result of the weak meridional heat flux.

For values of b in the interval [0.34,0.99] the transition from zonal
to baroclinic regime happens in two stages, see panels in the middle
(we portray the case b = 0.70). First, at a critical value H = H,, the
zonal state loses stability in favour of the barotropic regime, leading
to growing eddies and therefore an increase of the momentum flux,
whereas the poleward heat flux remains zero. The transition is accom-
panied by a very modest (< 1°) northward shift of the position of the
peak of the zonal flow and by a modest increase of the momentum
flux. Both of these quantities further increase with respect to H. The
second transition from the barotropic into the baroclinic eddy regime
occurs at H = H,, and is more obviously discontinuous: both the
momentum and the heat flux jump to a higher value, whereas the
zonal flow abruptly slows down and its peak relocated much further
north. After the discontinuity, the momentum and heat flux increase
approximately linearly with H. The mean flow and the momentum
flux continue growing linearly with respect to H, but with reduced
sensitivities. Note the intensity of the mean flow is oblivious to the
transition from the zonal to barotropic regime, because of the lack of
a meridional heat transport.

This regime partly resembles the eddy saturation state found for the
non-tilted model [14]. Although the growth rate of the mean flow is
not zero, it is substantially smaller as compared to the other regimes,
and the heat flux is growing linearly with the heating. In contrast to
the complete eddy saturation with zero mean flow growth rate in the
model with non-tilted eddies, here the tilt of the eddies yields a positive
poleward momentum flux which increases with H and subsequently
generates additional momentum of the mean flow, leading to a small
remaining sensitivity of the mean flow to the forcing despite positive
poleward heat flux.

The panels on the right hand side of Fig. 3 show the transition
behaviour for values of the tilt 5 higher than 1.76 - we portray here the
case b = 1.90. Here, as H increases, one finds a continuous transition
from the zonal flow regime through the barotropic eddy regime to the
baroclinic eddy regime. In such a regime, one finds a linear growth
of the heat flux with respect to H, whilst the dependence of the
momentum flux with respect to H is ~ (H — H,,)'/?. The mean zonal
wind and shear and the momentum flux show again a reduced growth
rate in the baroclinic eddy regime. While the position of the peak of the
zonal flow changes continuously with respect to H, one finds a very
high sensitivity in the proximity of the regime change, with a rapid —
with respect to H — northward shift.

The fourth possible switch occurs in the black regions of the H-
b plane in Fig. 2. Here the model exhibits a charge and discharge
behaviour where the system oscillates between the purely zonal state
and the baroclinic eddy regime on a very long time scale. One cycle
of this behaviour for an example set of parameters is shown in Fig. 4.
In the charge phase, the mean shear builts up and grows over time,
building up the baroclinicity in the atmosphere. During this phase, the
latitude of the maximum of the flow moves southward up to reaching
almost the middle of the channel. The eddy amplitudes oscillate in such
a way that the heat and momentum fluxes vanish.

The beginning of the (rapid) discharge phase comes when the mag-
nitudes of the eddy amplitudes increase rapidly, yielding a sudden peak
of the heat and momentum flux magnitudes, which in turn cause the
shear and therefore the baroclinicity to collapse, whilst at the same time
there is a dramatic increase in the mean wind speed and a poleward
shift of the mean flow. After this short burst, the fluxes drop again
back to zero, the wind speed decreases to lower values and the system
starts to recharge again. Depending on the tilt b, the eddy aspect ratio
j and the heating rate H, this cycle can vary in the magnitude of the
fluctuations as well as in the time scale of the slow variability, ranging
from about one year to up to about ten years (not shown).

Finally, the eddy aspect ratio j has a relevant impact on the three
different regimes of the model. This can be seen in Fig. 2 in the left
and right columns. The left column shows the regimes for j = 0.5,
meaning that the eddies are zonally elongated, see also Fig. 1, and
therefore resemble planetary waves rather than eddies. Such waves
have a stabilising effect on the purely zonal flow and also favour
the barotropic eddy regime of the model, which can be seen by the
increased area of those two regimes compared to the column in the
middle. This stabilising effect with respect to baroclinic processes for
long waves is well known and results from the g-effect [1].

In contrast to that, in the column on the right, the meridionally
elongated eddies for j = 2 destabilise the purely zonal flow and favour
the baroclinic eddy regime, whereas the barotropic eddy regime almost
vanishes. Thus, eddies of this shape, which are also observed in the
atmosphere, seem to be more effective in transporting heat poleward.

5. Summary and conclusion

Starting from the classical Phillips’ two-level quasi-geostrophic model
on the g-plane [13] and modifying the derivation and model reduction
given in [14] we have derived a minimal model for studying the cou-
pling between eddies and zonal flow in the mid-latitude atmosphere.
This has been accomplished by defining the shape of the mean wind
and shear to consist of two modes, allowing for variations in the
latitudinal maximum thereof. Eddies can differ in terms of their zonal
wavenumber and aspect ratio, and the tilt of the streamfunctions can
be altered. Depending on these factors, the nature of the eddy-mean
flow interaction can change dramatically [2]. By projecting the quasi-
geostrophic equations onto the eddy modes and by considering zonal
averages, we have been able to obtain a system of equations describing
the coupled evolution of the eddy amplitudes and the mean flow, where
the external forcing is given by the diabatic heating.
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Fig. 4. Diagnostics of the model as a function of time; j =1, b= 1.3, H =7.5x 107, as an example of the recharged oscillator of the model in certain regions of the considered

parameter space.

If non-tilted eddies are considered, we recover the previous findings
presented in [14]. For sufficiently strong baroclinic forcing, the zonal
flow loses stability and the eddy saturation regime is reached. In such
a state, increases in the strength of the baroclinicity lead to more
intense eddies that transport heat efficiently towards the high latitudes,
whereas the zonal flow is unaltered. This behaviour is reminiscent of
the mechanism of baroclinic adjustment [22].

As soon as we introduce a tilt in the eddies and the zonal flow
loses stability, we obtain a non-zero momentum flux which pushes the
position of the maximum of the jet northward and feeds back eddy
kinetic energy into the mean flow. The loss of stability of the zonal
flow leads the system to growing eddies of finite size. One regime of the
flow, which is more readily observed for zonally elongated or circular
and rather non-tilted eddies, is dominated by a positive momentum
flux increasing with heating and simultaneously speeding up the mean
flow. In this regime, the poleward heat flux remains zero. Therefore,
this regime is called the barotropic eddy regime.

For meridionally elongated eddies, the system is typically in the
baroclinic eddy regime for the considered parameter space. The eddies
exhibit a northward positive heat flux which becomes stronger as the
baroclinic forcing is strengthened. With intensifying heat imbalance,
the momentum flux together with the zonal flow speed increases at a
significantly lower rate than in the barotropic regime.

The eddy saturation mechanism is incomplete: the strength of the
zonal flow has a weaker sensitivity with respect to the strength of
the baroclinic forcing than in the case of stable zonal flow, but the
adjustment [22] performed by the eddy heat fluxes is not complete.
Such a behaviour, also observed in [19], is, in fact, more in agreement
with the observations or more comprehensive modelling studies [23]
with respect to the case of full saturation discussed in [14].

Despite the simplicity of the model and the limiting assumptions
made on the eddy streamfunction, especially having a constant tilt, the
model resembles the characteristics of the mid-latitude eddies found
by [2] described earlier. Their diagnosed effect of the eddies onto
the mean flow is reminiscent of the effect the aspect ratio j in our
model has on the two eddy regimes: For almost non-tilted, circular
eddies, the model favours the barotropic eddy regime with a positive
momentum flux enhancing the zonal flow. However, for more zonally
elongated southwest-northeast tilted eddies, the model mainly favours
the baroclinic regime with reduced mean flow dependency on zonal
baroclinic forcing.

Starting from a simple oscillator model of baroclinicity (or wind
shear) and eddy activity (or heat flux), in [4,24] it was shown how
to use Hoskins’ diagnostic to draw a connection between the eddy
anisotropy and the three preferred latitudinal positions of the North
Atlantic jet stream, which were found by [3] analysing North Atlantic
winter season ERA-40 data. In agreement with [25], the study by [4]
finds the preferred transitions between the south, middle and north
regimes of the jet stream. In particular, they also find that enhanced
heat fluxes coincide with a preferential northward shift of the jet
maximum, as is the case for our minimal model.

It is noteworthy, that the diagnostic quantities by [2,4] are averaged
in time, whereas the model in the present paper deals with a zonally
averaged flow without variation in the eddy shape. Therefore, instead
of an evolution of the flow in time, the barotropic and baroclinic
regimes of our model can rather be interpreted as a snapshot in time
of the life cycle of the eddies in the mid-latitude storm track.

Further to that, the results and conclusions, such as the extent of the
eddy saturation or the sensitivity of the jets and eddy fluxes to various
internal and external parameters, are all in the context of the simple
model derived here. The same applies to the potentially interesting
power law scalings found for various model diagnostics in the vicinity
of the critical transitions of the model. The robustness of these results
is difficult to assess a priori, since there are many different ways in
which the models can be modified and/or extended in the direction
of higher complexity. To show such a robustness, one would need to
consider a hierarchy of models with an increasing number of modes
and analyse systematically their behaviour. It is encouraging that, as
mentioned above, our model features the eddy saturation mechanism,
which is observed in comprehensive atmospheric and oceanic models.
Clearly, further work is needed in this direction and is left for future
investigations.

Concluding, this study presents a minimal model of the mid-latitude
atmosphere exhibiting eddy-mean flow interaction, jet shifts, and par-
tial eddy saturation. Despite the minimal setup, our model captures
key processes of the mid-latitude atmosphere on different time scales,
which are commonly observed in re-analysis data and atmospheric
climate models.
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Table 2

Fixed parameter values for stability analysis.
Parameter 2% p A K R fo ¢, w
Value 4.39x 1072 1.6 x 107! 10° 4x107° 287 1074 1004 107
Unit m m! s7! m? s7! st JK kg 57! JK kg™ m

Table 3

Varying parameter values for stability analysis.
Parameter H b J
Range 0,4 1073] [0,2] 0.5,1,2
Unit KJ ton™' 57! - -
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